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Frqwhqwv

4 Lqwurgxfwlrq 7
5 Edvlf Wkhruhwlfdo Frqfhswv :

514 V|pphwulhv ri RGHv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :
51414 Wudqvirupdwlrq Jurxsv ri Gl�huhqwldo Htxdwlrqv 1 1 1 1 ;
51415 Lq�qlwhvlpdo Jhqhudwruv dqg Surorqjdwlrqv 1 1 1 1 1 1 1 <
51416 Gl�huhqwldo Lqyduldqwv ri Srlqw Wudqvirupdwlrqv 1 1 1 1 44
51417 Gl�huhqwldo Lqyduldqwv ri RGHv= Dq H{dpsoh 1 1 1 1 1 45

515 V|pphwulhv ri SGHv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45
51514 H{whqghg Lq�qlwhvlpdo Wudqvirupdwlrqv 1 1 1 1 1 1 1 1 1 46
51515 Vroylqj V|vwhpv ri Olqhdu Krprjhqhrxv SGHv 1 1 1 1 1 4;
51516 Gl�huhqwldo Lqyduldqwv ri SGHv= Dq H{dpsoh 1 1 1 1 1 1 4<

516 Wzr W|shv ri Lqyduldqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55
517 Edvlf Qrwlrqv iru Olh Dojheudv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57
518 V|vwhpv ri Lpsulplwlylw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5:

6 Wkh Vsdfh Srlqw Jurxsv 63
614 Vrph Qrwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63
615 Olh*v Fodvvl�fdwlrq ri wkh Jurxsv ri wkh Sodqh 1 1 1 1 1 1 1 1 1 64
616 Wkh Sulplwlyh Vsdfh Jurxsv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 66
617 Olh*v Lpsulplwlyh Vsdfh Jurxsv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 67
618 Dpdoglv Lpsulplwlyh Vsdfh Jurxsv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 69

61814 Dpdoglv Lpsulplwlyh Sodqh Jurxsv 1 1 1 1 1 1 1 1 1 1 1 6<
61815 H{dpsoh Fdofxodwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 74
61816 Dpdoglv Jurxsv ri W|sh D 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 76
61817 Dpdoglv Jurxsv ri W|sh E 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 78
61818 Dpdoglv Jurxsv ri W|sh F 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 83
61819 Dpdoglv Jurxsv ri W|sh G 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 86
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7 Gl�huhqwldo Lqyduldqwv ri Rughu Wzr 88
714 Lqyduldqwv ri wkh Jurxsv ri wkh Sodqh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 89
715 Gh�qlwlrq ri Vxeh{suhvvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8<

71514 Vxeh{suhvvlrqv iru Olh*v Vsdfh Jurxsv 1 1 1 1 1 1 1 1 1 93
71515 Vxeh{suhvvlrqv iru Jurxsv ri W|sh D 1 1 1 1 1 1 1 1 1 1 94
71516 Vxeh{suhvvlrqv iru Jurxsv ri W|sh F 1 1 1 1 1 1 1 1 1 1 95
71517 Vxeh{suhvvlrqv iru Jurxsv ri W|sh G 1 1 1 1 1 1 1 1 1 1 97

716 Olvw ri Gl�huhqwldo Lqyduldqw Edvhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 97
71614 Jurxsv zlwk Vhyhq Jhqhudwruv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 97
71615 Jurxsv zlwk Vl{ Jhqhudwruv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :8
71616 Jurxsv zlwk Ilyh Jhqhudwruv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;5
71617 Jurxsv zlwk Irxu Jhqhudwruv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;9
71618 Jurxsv zlwk Wkuhh Jhqhudwruv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;<
71619 Jurxsv zlwk Wzr Jhqhudwruv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <3
7161: Jurxsv zlwk Rqh Jhqhudwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <3
7161; Jurxsv zkrvh Lqyduldqwv zhuh qrw irxqg 1 1 1 1 1 1 1 1 <3

8 Orzhu Lqyduldqwv <4
814 Olh*v Sulplwlyh Vsdfh Jurxsv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <4

81414 Orzhu Lqyduldqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <5
815 Olh*v Lpsulplwlyh Vsdfh Jurxsv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <5

81514 Orzhu Lqyduldqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <5
81515 Udqn Vhyhq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <6

816 Dpdoglv Jurxsv Ri W|sh D 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <7
81614 Orzhu Lqyduldqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <7
81615 Udqn Vhyhq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <7
81616 Udqn Vl{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <8
81617 Udqn Ilyh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <8
81618 Udqn Irxu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <9
81619 Udqn Wkuhh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <9

817 Dpdoglv Jurxsv Ri W|sh F 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <9
81714 Jurxs Sdudphwhu Uhodwhg Qxpehuv 1 1 1 1 1 1 1 1 1 1 1 <9
81715 Orzhu Lqyduldqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <;
81716 Udqn Vhyhq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 436
81717 Udqn Vl{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 438
81718 Udqn Ilyh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 439
81719 Udqn Irxu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43:

818 Dpdoglv Jurxsv Ri W|sh G 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43:
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81814 Orzhu Lqyduldqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43:
81815 Udqn Vhyhq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43:
81816 Udqn Vl{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43;

819 Plvvlqj Gh�qlwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43;
9 H{dpsohv dqg Frqfoxvlrq 43<

914 Vrph Fodvvlfdo Htxdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<
91414 V|pphwulhv ri Exujhuv Htxdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 443
91415 V|pphwulhv ri wkh Nruwhzhj gh Yulhv Htxdwlrq 1 1 1 1 1 444
91416 Wkh Khdw Htxdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 446

915 Kljkhu Lqyduldqwv= Lqyduldqw Gl�huhqwldwlrq 1 1 1 1 1 1 1 1 1 1 1 44<
916 Frqfoxvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 453

6



Fkdswhu 4
Lqwurgxfwlrq
Wklv zrun ghdov zlwk wkh prvw lpsruwdqw phdqv iru �qglqj forvhg irup vrox0
wlrqv ri qrq0olqhdu gl�huhqwldo htxdwlrqv +GHv iru vkruw,/ wkh vr fdoohg qrq0
wulyldo v|pphwulhv wkdw d jlyhq GH pd| dgplw1 Dsduw iurp ehlqj xvhg lq
�qglqj h{dfw vroxwlrqv ri GHv/ v|pphwulhv dovr uhyhdo lpsruwdqw lqirupdwlrq
derxw wkh surshuwlhv ri GHv> wkh| fdq eh xvhg wr yhuli| dqg ghyhors qxphulfdo
vfkhphv/ wr rewdlq frqvhuydwlrq odzv ri d jlyhq GH/ dqg hyhq jdxjh wkhru|
lv edvhg rq wkh frqwlqxrxv v|pphwulhv ri fhuwdlq uhodwlylvwlf �hogv1

Wkh vwxg| ri v|pphwulhv kdv ehhq lqlwldwhg e| Vrskxv Olh1 Urxjko|
vshdnlqj/ d v|pphwu| lv d srlqw0 ru frqwdfw0wudqvirupdwlrq wkdw grhv qrw
fkdqjh wkh irup ri d GH1 Reylrxvo|/ wkh hqwluhw| ri v|pphwu| wudqvirupd0
wlrqv ri dq| jlyhq GH irupv d jurxs1 Wkh whup v|pphwu| jurxs lv dssolhg
wr wkh odujhvw jurxs ri wudqvirupdwlrqv zlwk wklv surshuw|1 Wkh v|pphwu|
sureohp iru GHv frphv lq ydulrxv yhuvlrqv1 Rq wkh rqh kdqg/ wkhuh lv wkh
fodvvl�fdwlrq sureohp1 Lw dlpv dw rewdlqlqj d frpsohwh vxuyh| ri doo srv0
vleoh v|pphwulhv iru d fodvv ri jlyhq GHv/ h1j1 GHv ri d jlyhq rughu lq d
suhghwhuplqhg qxpehu ri ghshqghqw dqg lqghshqghqw yduldeohv1 Zh zloo eh
frqfhuqhg zlwk wklv yhuvlrq ri wkh sureohp1 Wkh vwduwlqj srlqw ri wklv ds0
surdfk lv dozd|v d olvwlqj ri jurxsv zkrvh gl�huhqwldo lqyduldqwv ghwhuplqh
wkh jhqhudo irup ri d GH wkdw pd| eh lqyduldqw xqghu wkh uhvshfwlyh jurxs1
Rq wkh rwkhu kdqg/ wkh v|pphwu| jurxs ri dq| jlyhq sduwlfxodu GH qhhgv
wr eh ghwhuplqhg dojrulwkplfdoo|/ dqg pd| wkhq eh dssolhg iru vlpsoli|lqj
wkh htxdwlrq/ �qglqj vshfldo fodvvhv ri vroxwlrqv/ hwf1 Wkh nh| iru vroylqj
wkh odwwhu sureohp lv wkh Mdqhw edvh iru wkh vr0fdoohg ghwhuplqlqj v|vwhp ri
wkh uhvshfwlyh htxdwlrq/ vlqfh lwv frh!flhqwv ghwhuplqh wkh v|pphwu| jurxs1
Wkhvh wzr yhuvlrqv ri wkh sureohp duh forvho| uhodwhg wr hdfk rwkhu1
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Vrskxv Olh +4;7504;<<, ghwhuplqhg doo frqwlqxrxv wudqvirupdwlrq jurxsv
ri wkh wzr glphqvlrqdo sodqh ^:`/ dqg jdyh qrupdo irupv iru dq| ruglqdu| GH
wkdw lv lqyduldqw xqghu rqh ri wkrvh jurxsv1 Wkhuhe|/ kljkhu rughu htxdwlrqv
duh jlyhq lpsolflwo|/ vlqfh wkh| fdq eh ghulyhg uhfxuvlyho| iurp wkh fruuh0
vsrqglqj htxdwlrqv ri orzhu rughu1

Zh ghdo zlwk wkh h{whqvlrq ri wklv surjudp wr d vshfldo fodvv ri sduwldo
gl�huhqwldo htxdwlrqv1
Sureohp 4 Zh dlp dw d frqwulexwlrq wr wkh v|pphwu| fodvvl�fdwlrq sure0
ohp iru sduwldo gl�huhqwldo htxdwlrqv ri rughu wzr lq rqh ghshqghqw dqg wzr
lqghshqghqw yduldeohv/ l1h1 wr surylgh d olvwlqj ri doo srvvleoh v|pphwu| jurxsv
wkdw pd| eh dgplwwhg e| wklv idplo| ri htxdwlrqv1
D frpsohwh vwudwhj| wr wdfnoh wkh zkroh fodvvl�fdwlrq sureohp lv dv iroorzv=

4, Olvw doo �qlwh frqwlqxrxv wudqvirupdwlrq jurxsv ri wkh wkuhh glphqvlrqdo
vsdfh lq frruglqdwhv %c +/ dqg 51

5, Ilqg doo gl�huhqwldo lqyduldqwv ri wkh jurxsv jlyhq lq 4, zkhuh 5 ghshqgv
rq % dqg +1 Iru d jlyhq jurxs/ wkh GHv lqyduldqw xqghu wklv jurxs duh
ixqfwlrqv ri wkhvh lqyduldqwv1

6, Ghwhuplqh wkh jurxs w|shv/ l1h1 e| xvlqj hdfk lqyduldqw iurp 5,/ �qg
fulwhulrqv wkdw doorz wr lghqwli| wkh v|pphwu| jurxs iru d jlyhq GH
iurp rxu fodvvl�fdwlrq1

Lq Fkdswhu 5 +�Edvlf Wkhruhwlfdo Frqfhswv�,/ zh lqwurgxfh wkh wkhru|
qhfhvvdu| wr fdofxodwh gl�huhqwldo lqyduldqwv dqg edvlf wkhru| ri Olh dojheudv
ri yhfwru �hogv1 Lq Fkdswhu 6 +�Wkh Vsdfh Srlqw Jurxsv�,/ zh jlyh d olvwlqj
ri doo frqwlqxrxv jurxsv ri wkh wkuhh glphqvlrqdo vsdfh wkdw lv edvhg rq zrun
e| V1 Olh ^:/ ;` dqg X1 Dpdogl ^4`/ wkhuhe| vroylqj srlqw 4, ri wkh deryh
vwudwhj|1 Lq Fkdswhu 7 +�Gl�huhqwldo Lqyduldqwv ri Rughu 2�,/ wkh gl�huhqwldo
lqyduldqwv ri prvw ri wkh vsdfh jurxsv olvwhg lq Fkdswhu 6 duh ghwhuplqhg/
wkhuhe| vroylqj wkh vhfrqg sduw ri 5, wr d odujh h{whqw1 Lq Fkdswhu 8 +�Orzhu
Lqyduldqwv�, wkh orzhu lqyduldqwv iru wkh vdph jurxs fodvvhv dv lq Fkdswhu 7
duh surylghg1 Ilqdoo|/ lq Fkdswhu 9 +�H{dpsohv dqg Frqfoxvlrq�, zh frqvlghu
vrph fodvvlfdo SGHv/ lqglfdwh d zd| wr frpsxwh kljkhu lqyduldqwv/ dqg rxwolqh
uhpdlqlqj zrun dqg rshq sureohpv1
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Gxh wr wkh kxjh qxpehu ri vsdfh jurxsv/ srlqw 6, ri wkh deryh rxwolqh lv
qrw frqvlghuhg lq wklv zrun1 Wklv odvw vwhs zrxog eh dffrpsolvkhg e| frp0
sxwlqj wkh Mdqhw edvh ri wkh ghwhuplqlqj v|vwhp ri dq| gl�huhqwldo lqyduldqw
iurp 5,/ dsso|lqj d jhqhudo srlqw wudqvirupdwlrq wr lw/ zklfk lq jhqhudo gh0
vwur|v wkh Mdqhw edvh surshuw|/ dqg uhhvwdeolvklqj wkh Mdqhw edvh surshuw| e|
dsso|lqj wkh dojrulwkp Mdqhw edvh djdlq1 Wkhuhe|/ d fodvvl�fdwlrq ri Mdqhw
edvhv iru ghwhuplqlqj v|vwhpv ri GHv iru wklv fodvv zrxog eh dfklhyhg1
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Fkdswhu 5
Edvlf Wkhruhwlfdo Frqfhswv
Lq wklv fkdswhu/ zh surylgh wkh edvlf qrwlrqv dqg vrph wkhru| lq rughu wr
eh deoh wr wdfnoh wkh lqglfdwhg fodvvl�fdwlrq sureohp iru SGHv ri rughu wzr
lq rqh ghshqghqw dqg wzr lqghshqghqw yduldeohv1 Lq Vhfwlrq 514 +�V|pph0
wulhv ri RGHv�, zh suhvhqw wkh wkhru| iru ruglqdu| gl�huhqwldo htxdwlrqv1
Wkh frqfhswv dqg phwkrgv rxwolqhg wkhuh pd| eh h{whqghg wr wkh fdvh ri
sduwldo gl�huhqwldo htxdwlrqv/ zklfk lv vnhwfkhg lq Vhfwlrq 515 +�V|pphwulhv
ri SGHv�,1 Wkh uhpdlqlqj wkuhh vhfwlrqv/ Vhfwlrq 516 � 518/ lqwurgxfh qr0
wlrqv xvhg lq Fkdswhuv 6/ 7 dqg 8 wr vwuxfwxuh wkh suhvhqwdwlrq ri vsdfh jurxsv
dqg wkhlu lqyduldqwv1 Iru d ixuwkhu wuhdwphqw ri wkh vxemhfw v|pphwu| jurxsv
dqg gl�huhqwldo htxdwlrqv dq| ri wkh prghuq wh{werrnv ^5/ 6/ </ 43` pd| eh
frqvxowhg1 Wh{w errnv zlwk pdlq hpskdvlv rq dssolfdwlrqv lq sk|vlfv duh
^44/ 45`1

514 V|pphwulhv ri RGHv
Dv phqwlrqhg deryh/ wkh vwduwlqj srlqw lq rxu vwudwhj| lv d olvwlqj ri jurxsv
zkrvh gl�huhqwldo lqyduldqwv ghwhuplqh wkh jhqhudo irup ri d GH wkdw pd|
eh lqyduldqw xqghu wkh uhvshfwlyh jurxs1 Zh foduli| wkh qrwlrq ri wudqviru0
pdwlrq jurxsv ri gl�huhqwldo htxdwlrqv lq Vxevhfwlrq 51414 +�Wudqvirupdwlrq
Jurxsv ri Gl�huhqwldo Htxdwlrqv�,1 Wkh qrwlrq ri lqyduldqfh xqghu vxfk d
jurxs lv lqyhvwljdwhg lq Vxevhfwlrq 51415 +�Lq�qlwhvlpdo Jhqhudwruv dqg Sur0
orqjdwlrqv�,1 Lq Vxevhfwlrq 51416 +�Gl�huhqwldo Lqyduldqwv ri Srlqw Wudqviru0
pdwlrqv�,/ zh lqwurgxfh wkh gl�huhqwldo lqyduldqwv iru d jlyhq wudqvirupdwlrq
jurxs1 Wkh| duh ghwhuplqhg e| d v|vwhp ri SGHv zkrvh vroxwlrqv duh wkh
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ghvluhg lqyduldqwv1 Ilqdoo|/ lq Vxevhfwlrq 51417 +�Gl�huhqwldo Lqyduldqwv ri
RGHv= Dq H{dpsoh�,/ zh jlyh dq h{dpsoh wkdw ghprqvwudwhv wkh frpsxwd0
wlrq ri gl�huhqwldo lqyduldqwv iru rqh fkrvhq sodqh jurxs1

51414 Wudqvirupdwlrq Jurxsv ri Gl�huhqwldo Htxdwlrqv
Lqwurgxflqj qhz yduldeohv lqwr d jlyhq GH lv d zlgho| xvhg phwkrg lq rughu
wr idflolwdwh wkh vroxwlrq surfhvv1 Xvxdoo| wklv lv grqh lq dq dg krf pdqqhu
zlwkrxw jxdudqwhhg vxffhvv1 Lq sduwlfxodu/ wkhuh lv qr fulwhulrq wr ghflgh
zkhwkhu d fhuwdlq fodvv ri wudqvirupdwlrqv zloo ohdg wr dq lqwhjudeoh htxdwlrq
ru qrw1 D fulwlfdo h{dplqdwlrq ri wkhvh phwkrgv zdv wkh vwduwlqj srlqw iru
Olh*v v|pphwu| dqdo|vlv1 Zh zloo qrz kdyh d orrn rq wkh ehkdylru ri GHv
xqghu vshfldo nlqg ri wudqvirupdwlrqv1

Ohw dq RGH ri rughu ? eh jlyhq dv
/E%c +c +�c � � � c +E?�� ' f1 +514,

Wkh jhqhudo vroxwlrq ri vxfk dq htxdwlrq lv d vhw ri fxuyhv lq wkh %0+0sodqh
ghshqglqj rq ? sdudphwhuv ��c � � � c �?/ jlyhq e|

XE%c +c��c � � � c �?� ' fc +515,
frpsduh dq| wh{werrn rq ruglqdu| GHv/ h1j1 ^6`1 Lqyhuwleoh dqdo|wlf wudqviru0
pdwlrqv ehwzhhq wzr sodqhv zlwk frruglqdwhv E%c +� dqg E�c ��/ uhvshfwlyho|/
wkdw duh ri wkh irup

� ' jE%c +�/ � ' 4E%c +�/ +516,
duh fdoohg srlqw wudqvirupdwlrqv1 Zh zloo hqfrxqwhu wkhp lq wkh irup ri
rqh0sdudphwhu jurxsv ri srlqw wudqvirupdwlrqv

� ' jE%c +c @�c � ' 4E%c +c @�1 +517,
Khuh wkh uhdo sdudphwhu @ udqjhv ryhu dq rshq lqwhuydo lqfoxglqj f/ vxfk wkdw
iru dq| �{hg ydoxh ri @/ htxdwlrq +517, uhsuhvhqwv d srlqw wudqvirupdwlrq1 Lq
dgglwlrq/ wkhuh h{lvwv d uhdo jurxs frpsrvlwlrq x vxfk wkdw

7% ' jE%c +c @�/ 7+ ' 4E%c +c @�/ % ' jE7%c 7+c 7@�/ + ' 4E7%c 7+c 7@�
, % ' jE%c +cxE@c 7@��/ + ' 4E%c +cxE@c 7@��1
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Jurxs wudqvirupdwlrqv ri wklv nlqg pd| eh uhsdudphwul}hg vxfk wkdw zh kdyh
xE@c 7@� ' @n 7@/ dqg vxfk wkdw @ ' f uhsuhvhqwv wkh lghqwlw| hohphqw1

Dq htxdwlrq +514, lv vdlg wr eh lqyduldqw xqghu wkh fkdqjh ri yduldeohv
% ' xE�c ��/ + ' [E�c ��/

zkhuh � � �E��/ li lw uhwdlqv lwv irup xqghu wklv wudqvirupdwlrq/ l1h1 li wkh
ixqfwlrqdo ghshqghqfh ri wkh wudqviruphg htxdwlrq rq � dqg � lv wkh vdph dv
lq wkh ruljlqdo htxdwlrq +514,1 Vxfk d wudqvirupdwlrq lv fdoohg d v|pphwu| ri
wkh GH1 Wkh vdph wudqvirupdwlrq dfwv rq wkh fxuyhv +515,1 Li lw lv d v|pphwu|/
wkh ixqfwlrqdo ghshqghqfh ri wkh wudqviruphg fxuyhv ri � dqg � pxvw eh wkh
vdph dv lq +515,1 Wklv lv qrw qhfhvvdulo| wuxh iru wkh sdudphwhuv ��c � � � c �?
ehfdxvh wkh| gr qrw rffxu lq wkh GH lwvhoi1 Wklv phdqv/ wkh hqwluhw| ri
fxuyhv ghvfulehg e| wkh wzr htxdwlrqv lv wkh vdph/ wr dq| �{hg ydoxhv iru wkh
frqvwdqwv krzhyhu pd| fruuhvsrqg d gl�huhqw fxuyh lq hlwkhu vhw1 Lq rwkhu
zrugv wkh vroxwlrq fxuyhv duh shupxwhg dprqj wkhpvhoyhv e| d v|pphwu|
wudqvirupdwlrq1 Lw lv idluo| reylrxv wkdw doo v|pphwu| wudqvirupdwlrqv ri d
jlyhq GH irup d jurxs/ wkh v|pphwu| jurxs ri wkdw htxdwlrq1

51415 Lq�qlwhvlpdo Jhqhudwruv dqg Surorqjdwlrqv
Ohw d fxuyh lq wkh +%0+,0sodqh ghvfulehg e| + ' sE%� eh wudqviruphg xqghu d
srlqw wudqvirupdwlrq ri wkh irup +516, lqwr � ' }E��1 Qrz wkh txhvwlrq dulvhv
krz wkh ghulydwlyh +� ' _s

_% fruuhvsrqgv wr �� ' _}
_� xqghu wklv wudqvirupdwlrq1

D vlpsoh fdofxodwlrq ohdgv wr wkh �uvw surorqjdwlrq
�� ' _�

_� ' 4% n 4++�
j% n j++� � �E%c +c +��1

Qrwh wkdw wkh nqrzohgjh ri E%c +c +�� dqg wkh htxdwlrqv ri wkh srlqw wudqviru0
pdwlrq +516, douhdg| ghwhuplqh �� xqltxho|/ wkh nqrzohgjh ri wkh htxdwlrq ri
wkh fxuyh lv qrw uhtxluhg1 Wklv pd| eh h{suhvvhg e| vd|lqj wkdw wkh olqh hoh0
phqw E%c +c +�� lv wudqviruphg lqwr wkh olqh hohphqw E�c �c ��� xqghu wkh dfwlrq
ri d srlqw wudqvirupdwlrq1 Vlploduo|/ wkh wudqvirupdwlrq odz iru ghulydwlyhv
ri vhfrqg rughu lv rewdlqhg dv

��� ' _��
_� ' �% n �++� n �+�+��

j% n j++� 1
Iru odwhu dssolfdwlrqv lw zrxog eh xvhixo wr h{suhvv wkh vhfrqg ghulydwlyh ���
h{solflwo| lq whupv ri j dqg 41 Zh gr qrw jlyh wklv txlwh ohqjwk| irupxod khuh/
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exw lqvwhdg surylgh wkh surorqjdwlrq irupxodv iru rqh0sdudphwhu jurxsv ri
srlqw wudqvirupdwlrqv ri wkh irup

� ' jE%c +c @�/ � ' 4E%c +c @�1 +518,
Khuh wkh wudqvirupdwlrq surshuwlhv ri wkh ghulydwlyhv pd| eh h{suhvvhg lq
whupv ri wkh surorqjdwlrq ri wkh fruuhvsrqglqj lq�qlwhvlpdo jhqhudwru

L ' 1E%c +�Y% n #E%c +�Y+/ +519,
zkhuh

1E%c +� ' _
_@jE%c +c @��@'f/ #E%c +� ' _

_@4E%c +c @��@'f1
Wkh ?0wk surorqjdwlrq ri +519, lv qrz gh�qhg dv

L E?� ' L n
?[

&'�
lE&�Y+E&�/ zkhuh

lE�� ' (E#�� +�(E1�c
lE&� ' (ElE&3���� +E&�(E1� iru & ' 2c �c � � �

Khuhe|/ ( lv wkh rshudwru ri wrwdo gl�huhqwldwlrq z1u1w1 %/ l1h1

( ' Y% n
"[
&'�

+E&�Y+E&3�� �

Zh jlyh wkh wzr orzhvw l �r h{solflwo|=
lE�� ' #% n E#+ � 1%�+� � 1++�2/
lE2� ' #%% n E2#%+ � 1%%�+� n E#++ � 21%+�+�2

� 1+++�� n E#+ � 21%�+�� � �1++�+��1
Wkhvh wzr lqqrfhqw orrnlqj h{suhvvlrqv vkrxog qrw glyhuw iurp wkh idfw wkdw
wkh qxpehu ri whupv lq lE&� jurzv urxjko| dv 2&1 Exw lE&� lv dw ohdvw olqhdu dqg
krprjhqhrxv lq 1E%c +� dqg #E%c +� dqg lwv ghulydwlyhv xs wr rughu &1 Lq dg0
glwlrq/ lE&� grhv qrw ghshqg h{solflwo| rq % dqg + exw rqo| rq +�c +��c � � � c +E&�1
Iru & : �/ +E&� rffxuv olqhduo| dqg +� rffxuv zlwk srzhu & n � lq lE&�1
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51416 Gl�huhqwldo Lqyduldqwv ri Srlqw Wudqvirupdwlrqv
Lq rughu wr rewdlq d fodvvl�fdwlrq ri srvvleoh v|pphwulhv ri GHv/ wkh lq0
yduldqwv ri doo �qlwh jurxsv ri wkh sodqh kdyh ehhq ghwhuplqhg e| Olh1 Wkh
vwduwlqj srlqw iru wklv fodvvl�fdwlrq zdv d olvwlqj ri doo �qlwh jurxsv ri srlqw
wudqvirupdwlrqv ri wkh sodqh +frpsduh Vhfwlrq 615 �Olh*v Fodvvl�fdwlrq ri wkh
Jurxsv ri wkh Sodqh�,1

Dq| o0sdudphwhu Olh jurxs pd| eh uhsuhvhqwhg e| o lq�qlwhvlpdo jhqhu0
dwruv

1�Y% n #�Y+/ � ' �c � � � c o1 +51:,
Dq| ruglqdu| GH ri rughu 6 zlwk dq o0sdudphwhu Olh jurxs dv v|pphwu|
jurxs kdv wr ydqlvk xqghu doo 60wk surorqjdwlrqv ri wkh jhqhudwruv +51:,
dqg ylfh yhuvd/ l1h1 wklv GH lv d vroxwlrq ri wkh iroorzlqj v|vwhp ri olqhdu
krprjhqhrxv �uvw rughu sduwldo gl�huhqwldo htxdwlrqv=

E1�Y% n #�Y+ n
6[
�'�

lE��� Y+E���x ' f/ � ' �c � � � c o/ +51;,

zkhuh x � xE%c +c +�c +��c � � � �1 Wkh v|vwhp +51;, lv fdoohg v|vwhp ri gl�huhqwldo
lqyduldqwv/ lwv ixqgdphqwdo vroxwlrqv duh fdoohg wkh gl�huhqwldo lqyduldqwv ri
wkh uhvshfwlyh Olh jurxs1 Olh kdv glvfxvvhg wkhvh v|vwhpv lq ghwdlo/ iru d
uhfhqw suhvhqwdwlrq vhh ^43`1

Wkh jurxs surshuw| jxdudqwhhv wkdw +51;, lv d frpsohwh v|vwhp iru x
zlwk 6 n o � 2 vroxwlrqv1 Lw pd| eh eurxjkw lqwr Mdfreldq qrupdo irup/
dq dqdorjrq ri wkh wuldqjxodu irup iru pdwulfhv/ ehiruh dwwhpswlqj wr vroyh
lw1 Wkh ghshqghqflhv ri wkh ixqgdphqwdo vroxwlrqv pd| wkhq eh fkrvhq vxfk
wkdw

x� � x�E%c +c +�c � � � c +Eo3���c
x2 � x2E%c +c +�c � � � c +Eo��c

111
x63on2 � x63on2E%c +c +�c � � � c +E6���

Wkh lqyduldqwv duh olqhdu lq wkh kljkhvw ghulydwlyh1
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51417 Gl�huhqwldo Lqyduldqwv ri RGHv= Dq H{dpsoh
Lq wklv vxevhfwlrq zh jlyh dq h{dpsoh ghprqvwudwlqj wkh qrwlrqv lqwurgxfhg
lq wklv vhfwlrq1 Zh frqvlghu d jurxs wdnhq iurp Olh*v olvwlqj ri doo �qlwh
jurxsv ri wkh sodqh/ qdpho|

}�� ' iY%c 2%Y% n +Y+c %2Y% n %+Y+j�
Surorqjdwlrq ri lwv wkuhh jhqhudwruv xs wr wkh wklug rughu |lhogv wkh iroorzlqj
v|vwhp ri gl�huhqwldo lqyduldqwv +51;,=

x% ' fc
2%x% n +x+ � +�x+� � �+��x+�� � D+���x+��� ' fc

%2x% n %+x+ � E+�%� +�x+� � �+��%x+�� � ED+���%n �+���x+�� ' f�
Xvlqj vrph vwudwhj| iru vroylqj v|vwhpv ri olqhdu SGHv/ iru h{dpsoh lwhudwhg
qduurzlqj wudqvirupdwlrqv dv lqwurgxfhg lq wkh qh{w vhfwlrq/ zh pljkw duulyh
dw wkh iroorzlqj wzr ixqgdphqwdo vroxwlrqv=

x� � +��+�c x2 � +���+D n �+��+�+e1
Wkh GHv ri rughu qrw kljkhu wkdq wkuhh wkdw kdyh wkh uhvshfwlyh Olh jurxs
}�� dv v|pphwu| jurxs kdyh wkh jhqhudo irup /Ex�cx2�1

515 V|pphwulhv ri SGHv
Wkh fodvvl�fdwlrq sureohp iru sduwldo gl�huhqwldo htxdwlrqv kdv qrw |hw ehhq
ghdow zlwk1 Lq wklv wkhvlv sduwldo gl�huhqwldo htxdwlrqv ri rughu wzr lq rqh
ghshqghqw dqg wzr lqghshqghqw yduldeohv zloo eh wuhdwhg1

Wr wklv hqg/ zh kdyh wr vwduw zlwk d olvwlqj ri frqwlqxrxv vsdfh jurxsv/
dfwlqj rq wkh yduldeohv %/ +/ dqg 51 Ilqglqj wkh gl�huhqwldo lqyduldqwv lv
dffrpsolvkhg lq dqdorj| wr wkh ruglqdu| fdvh= wkh jurxs jhqhudwruv kdyh
wr eh surorqjdwhg wr rughu wzr> wkh surorqjdwlrqv duh wkhq lqwhusuhwhg dv
d v|vwhp ri olqhdu SGHv zkrvh ixqgdphqwdo vroxwlrqv surylgh d edvlv ri
gl�huhqwldo lqyduldqwv1

Wkh surorqjdwlrq irupxodv wkdw kdyh wr eh dssolhg lq wkh fdvh ri wkuhh
yduldeohv/ rqh ri wkhp ghshqghqw rq wkh wzr rwkhuv/ duh jlyhq lq Vxevhfwlrq
51514 +�H{whqghg Lq�qlwhvlpdo Wudqvirupdwlrqv�,1 Iru vroylqj v|vwhpv ri
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olqhdu SGHv zh lqwurgxfh wkh qduurzlqj phwkrg lq Vxevhfwlrq 51515 +�Vroylqj
V|vwhpv ri Olqhdu Krprjhqhrxv SGHv=�,1

Zlwk wkhvh whfkqltxhv zh frpsxwh wkh gl�huhqwldo lqyduldqwv olvwhg lq
Fkdswhu 7 +�Gl�huhqwldo Lqyduldqwv ri Rughu Wzr�, iurp wkh vsdfh jurxsv
olvwhg lq Fkdswhu 6 +�Wkh Vsdfh Srlqw Jurxsv�,1 Dq h{dpsoh ghprqvwudwlqj
wklv surfhhglqj lv suhvhqwhg lq Vxevhfwlrq 51516 +�Gl�huhqwldo Lqyduldqwv ri
SGHv= Dq H{dpsoh�,/ frqfoxglqj wklv vhfwlrq1

51514 H{whqghg Lq�qlwhvlpdo Wudqvirupdwlrqv
Lq wklv vxevhfwlrq/ zh lqwurgxfh wkh surorqjdwlrq irupxodv wkdw dsso| wr wkh
fdvh ri sduwldo gl�huhqwldo htxdwlrqv/ l1h1 zh ghdo zlwk rqh ghshqghqw ydul0
deoh � dqg ? lqghshqghqw yduldeohv % ' %�c � � � c %? +frpsduh ^5`,1 Sduwldo
ghulydwlyhv Y%�� � � � Y%�&� duh uhsuhvhqwhg e| irupdo yduldeohv �������& / fdoohggl�huhqwldo lqghwhuplqdwhv1 Wkh| duh v|pphwulf lq wkhlu lqglfhv1 Wkh gli0
ihuhqwldo yduldeohv ri rughu & duh ghqrwhg e| �E&�1 Zh dovr xvh wkh frqyhq0
wlrq wr vxp ryhu wkh udqjh ri pxowlso| rffxuulqj lqglfhv lq surgxfwv/ h1j1
E(�1���� ' S?

�'�E(�1���� 1
Wkh rqh0sdudphwhu Olh jurxs ri wudqvirupdwlrqv lq wkh sdudphwhu 0

%W� ' f�E%c �( 0� ' %� n 01�E%c �� n�E02�c +51<,
�W ' LE%c �( 0� ' �n 0#E%c �� n�E02�c +5143,

� ' �c 2c � � � c ?/ dfwlqj rq E%c ��0vsdfh kdv dv lwv lq�qlwhvlpdo jhqhudwru
f ' 1�E%c ��Y%� n #E%c ��Y��

Wkh &0wk h{whqvlrq ri +51<,/ +5143,/ jlyhq e|
%W� ' f�E%c �( 0� ' %� n 01�E%c �� n�E02�c +5144,
�W ' LE%c �( 0� ' �n 0#E%c �� n�E02�c +5145,
111

�W���2����& ' L���2����&E%c �c �E��c � � � c �E&�( 0� +5146,
' ����2����& n 0#E&����2����&E%c �c �E��c � � � c �E&�� n�E02�c +5147,

zkhuh � ' �c 2c � � � c ? dqg �, ' �c 2c � � � c ? iru , ' �c 2c � � � c & zlwk & ' �c 2c � � � /
kdv dv lwv &0wk h{whqghg lq�qlwhvlpdo

E1E%c ��c #E%c ��c #E��E%c �c �E���c � � � c #E&�E%c �c �E��c � � � c �E&���c
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zlwk fruuhvsrqglqj &0wk h{whqghg lq�qlwhvlpdo jhqhudwru
fE&� ' 1�E%c ��Y%� n #E%c ��Y� n #E��� E%c �c �E���Y�� n � � �

n #E&����2����&Y����2����& /
& ' �c 2c � � � > h{solflw irupxodv iru wkh h{whqghg lq�qlwhvlpdov i#E&�j uhvxow
iurp wkh iroorzlqj wkhruhp1
Wkhruhp 5 Wkh frh!flhqwv ri wkh &0wk surorqjdwlrq fE&� pd| eh rewdlqhg
uhfxuvlyho| dv iroorzv=

#E��� ' (�# � E(�1����/ � ' �c 2c � � � c ?/ +5148,
#E&����2����& ' (�&#E&3��

���2����& � E(�&1������2����&3��c +5149,
�, ' �c 2c � � � c ? iru , ' �c 2c � � � c & zlwk & ' 2c �c � � �

Surri1 Ohw

� '
597 (�f� � � � (�f?111 111

(?f� � � � (?f?

6:8 �

Wkhq e| +5144, zh kdyh

� '

59997
(�E%� n 01�� (�E%2 n 012� � � � (�E%? n 01?�(2E%� n 01�� (2E%2 n 012� (2E%? n 01?�111 111 111
(?E%� n 01�� (?E%2 n 012� � � � (?E%? n 01?�

6:::8n�E02� '

U n 0� n�E02�/
zkhuh U lv wkh ?� ? lghqwlw| pdwul{ dqg

� '

59997
(�1� (�12 � � � (�1?(21� (212 (21?111 111 111
(?1� (?12 � � � (?1?

6:::8 � +514:,
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Wkhq
�3� ' U � 0� n�E02�� +514;,

Iurp 59997
�W��W2111
�W?

6:::8 '

59997
L�
L2111
L?

6:::8 ' �3�

59997
(�L
(2L111
(?L

6:::8 /

+5145,/ +5146,/ +514:, dqg +514;, lw iroorzv wkdw59997
�� n 0#E���
�2 n 0#E��2111
�? n 0#E��?

6:::8 ' dU � 0�o �
59997

�� n 0(�#
�2 n 0(2#111
�? n 0(?#

6:::8n�E02�/

dqg wkxv 59997
#E���
#E��2111
#E��?

6:::8 '

59997
(�#
(2#111
(?#

6:::8�� �
59997

��
�2111
�?

6:::8 c

ohdglqj wr +5148,1 Wkhq iurp59997
�W���2����&3���W���2����&3�2111
�W���2����&3�?

6:::8 '

59997
L���2����&3��L���2����&3�2111
L���2����&3�?

6:::8 ' �3�

59997
(�L���2����&3��(2L���2����&3�2111
(?L���2����&3�?

6:::8 c
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+5146,/ +5147,/ +514:, dqg +514;, zh jhw599997
����2����&3�� n 0#E&����2����&3��
����2����&3�2 n 0#E&����2����&3�2111
����2����&3�? n 0#E&����2����&3�?

6::::8 '

dU � 0�o

599997
����2����&3�� n 0(�#E&3��

���2����&3�
����2����&3�2 n 0(2#E&3��

���2����&3�111
����2����&3�? n 0(?#E&3��

���2����&3�

6::::8n�E02�c

dqg khqfh599997
#E&����2����&3��
#E&����2����&3�2111
#E&����2����&3�?

6::::8 '

599997
(�#E&3��

���2����&3�
(2#E&3��

���2����&3�111
(?#E&3��

���2����&3�

6::::8� � �
59997

����2����&3������2����&3�2111
����2����&3�?

6:::8 c

�, ' �c 2c � � � c ? iru , ' �c 2c � � � c & � � zlwk & ' 2c �c � � � c ohdglqj wr +5149,1
Vshfldol}lqj Wkhruhp 5 wr wkh fdvh ri rqh ghshqghqw yduldeoh dqg wzr

lqghshqghqw yduldeohv %� dqg %2/ zh kdyh iru wkh h{whqghg rqh0sdudphwhu
Olh jurxs ri wudqvirupdwlrqv jlyhq e|

%W� ' f�E%�c %2c �( 0� ' %� n 01�E%�c %2c �� n�E02�c � ' �c 2c
�W ' LE%�c %2c �( 0� ' �n 0#E%�c %2c �� n�E02�c
�W� ' L�E%�c %2c �c ��c �2( 0� '

' L� n 0#E��� E%�c %2c �c ��c �2� n�E02�c � ' �c 2c
�W�� ' L��E%�c %2c �c ��c �2c ���c ��2c �22( 0� '

' ��� n 0#E2��� E%�c %2c �c ��c �2c ���c ��2c �22� n�E02�c �c � ' �c 2c
hwf1/ wkh iroorzlqj h{whqghg lq�qlwhvlpdov=

#E��� ' Y#
Y%�

n dY#Y� � Y1�
Y%�

o�� � Y12
Y%�

�� � Y1�
Y� E���2 � Y12

Y� ���2c
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#E��2 ' Y#
Y%2

n dY#Y� � Y12
Y%2

o�2 � Y1�
Y%2

�� � Y12
Y� E�2�2 � Y1�

Y� ���2c

#E2��� ' Y2#
Y%2�

n d2 Y2#
Y%�Y� � Y21�

Y%2�
o�� � Y212

Y%2�
�2 n dY#Y� � 2 B1�Y%�

o���

� 2Y12Y%�
��2 n dY

2#
Y�2 � 2 Y21�

Y%�Y� oE���2 � 2 Y212
Y%�Y����2

� Y21�
Y�2 E���� � Y212

Y�2 E���2�2 � �Y1�Y� ����� � Y12
Y� �2���

� 2Y12Y� ����2c

#E2��2 ' #E2�2�

' Y2#
Y%�Y%2

n d Y2#
Y%�Y� � Y212

Y%�Y%2
o�2 n d Y2#

Y%2Y� � Y21�
Y%�Y%2

o��

� Y12
Y%�

�22 n dY#Y� � Y1�
Y%�

� Y12
Y%2

o��2 � Y1�
Y%2

��� � Y212
Y%�Y�E�2�2

n dY
2#

Y�2 � Y21�
Y%�Y� � Y212

Y%2Y� o���2 � Y21�
Y%2Y�E���2 � Y212

Y�2 ��E�2�2

� Y21�
Y�2 E���2�2 � 2Y12Y� �2��2 � 2Y1�Y� ����2 � Y1�

Y� �2��� � Y12
Y� ���22c

#E2�22 ' Y2#
Y%22

n d2 Y2#
Y%2Y� � Y212

Y%22
o�2 � Y21�

Y%22
�� n dY#Y� � 2 B12Y%2

o�22

� 2Y1�Y%2
��2 n dY

2#
Y�2 � 2 Y212

Y%2Y� oE�2�2 � 2 Y21�
Y%2Y����2

� Y212
Y�2 E�2�� � Y21�

Y�2 ��E�2�2 � �Y12Y� �2�22 � Y1�
Y� ���22 � 2Y1�Y� �2��2c

hwf1 Wkhvh h{suhvvlrqv duh wkh edvlv iru fdofxodwlqj vhfrqg rughu surorqjd0
wlrqv ri srvvleoh v|pphwulhv iru SGHv lq rqh ghshqghqw dqg wzr lqghshqghqw
yduldeohv1
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51515 Vroylqj V|vwhpv ri Olqhdu Krprjhqhrxv SGHv
Ohw xv frqvlghu d v|vwhp ri olqhdu krprjhqhrxv SGHv ri wkh irup

?[
D'�

s>DE � Y5Y%D
' fc > ' �c � � � c6/ +514<,

zkhuh  ' E%�c � � � c %?�/ dqg wkh s>D duh frqwlqxrxv rq vrph grpdlq J1 Zh
lqwurgxfh wkh vr fdoohg qduurzlqj wudqvirupdwlrq iru vroylqj v|vwhpv ri wkh
irup +514<, e| uhgxflqj wklv sureohp wr vroylqj vlqjoh olqhdu krprjhqhrxv
SGHv/ frpsduh ^8`1

Pruh suhflvho|/ dvvxph wkdw zh nqrz ?� � ixqfwlrqdoo| lqghshqghqw vr0
oxwlrqv [�E �c � � � c[?3�E � iru rqh ri wkh gl�huhqwldo htxdwlrqv lq +514<,/
z1o1r1j1 iru wkh 60wk htxdwlrq1 Wkhq zh kdyh iru dq duelwudu| frqwlqxrxvo|
gl�huhqwldeoh ixqfwlrq lE+�c � � � c +?3�� wkdw

lE[�E �c � � � c[?3�E ��
irupv dq lqwhjudo ri wkh60wk htxdwlrq/ wrr1 Rqh pd| qrz wu| wr qduurz grzq
wkh grpdlq ri ixqfwlrqv l lq vxfk d zd| wkdw lE[�E �c � � � c[?3�E �� dovr vdw0
lv�hv wkh uhpdlqlqj gl�huhqwldo htxdwlrqv ri wkh v|vwhp +514<,1 Iru wklv sxu0
srvh/ zh soxj 5E � ' lE+�c � � � c +?3�� zlwk +D ' [DE � lqwr wkh v|vwhp +514<,/
wkhuhe| wu|lqj wr jhw d v|vwhp ri gl�huhqwldo htxdwlrqv iru lE+�c � � � c +?3��1
E| xvlqj d voljkwo| dowhuhg dssurdfk/ wkh iroorzlqj idfwv pljkw eh suryhq ^8`=
Wkhruhp 6 Zh dvvxph wkdw +514<, vdwlv�hv wkh lqwhjudelolw| frqglwlrqv lqJ/ lq sduwlfxodu wkh frh!flhqwv duh frqwlqxrxvo| gl�huhqwldeoh1 Ohw [�E �/111/
[?3�E � eh d ixqgdphqwdo v|vwhp ri wzlfh frqwlqxrxvo| gl�huhqwldeoh ixqf0
wlrqv iru wkh 60wk htxdwlrq zlwk

YE[�c � � � c[?3��
YE%�c � � � c %?3�� 9' f�

E| wkh vxevwlwxwlrq
+� ' [�E �c � � � c +?3� ' [?3�E �c +? ' %? +5153,

wkh grpdlq J lv wudqviruphg wr d frqyh{ grpdlq K +li wklv lv qrw d sulrul
wkh fdvh/ wkhq wkh grpdlq J kdv wr eh pdgh vpdoohu dssursuldwho|,1 Ilqdoo|/
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zh dvvxph wkdw lq qr vxegrpdlq ri J zh kdyh s6? � f� Wkhq wkh lqwhjudov
ri +514<, duh h{dfwo| wkrvh ixqfwlrqv 5E � ' lE[�c � � � c[?3�� zkhuh l uxqv
wkurxjk wkh vroxwlrqv ri wkh v|vwhp

?3�[
&'�

}>&E � YlY+& ' f/ > ' �c � � � c6� �c +5154,

zkhuh wkh ixqfwlrqv

}>& '
?[

D'�
s>D[&%D / > ' �c � � � c6� �/ & ' �c � � � c ?� �c

ghshqg rqo| rq +�c � � � c +?3� diwhu fduu|lqj rxw vxevwlwxwlrq +5153,1 Lq dggl0
wlrq/ v|vwhp +5154, vdwlv�hv wkh lqwhjudelolw| frqglwlrqv1

Ixuwkhu ghwdlov pd| eh irxqg lq ^8`1

51516 Gl�huhqwldo Lqyduldqwv ri SGHv= Dq H{dpsoh
Zh jlyh dq h{dpsoh iru wkh frpsxwdwlrq ri d edvlv ri gl�huhqwldo lqyduldqwv
ri d jlyhq Olh jurxs lq wkuhh vsdfh1 Zh dvvxph wkdw zh fdq vroyh vlqjoh olqhdu
SGHv1 Wkh jurxs �T22 ' iY%c Y+c %Y+c %Y% � +Y+c +Y%c %Y% n +Y+ n Y5j xqghu
frqvlghudwlrq lv wdnhq iurp wkh olvwlqj lq Vhfwlrq 617 +�Olh*v Lpsulplwlyh
Vsdfh Jurxsv�,1 E| surorqjdwlrq xs wr rughu wzr zh jhw wkh iroorzlqj v|vwhp
ri gl�huhqwldo lqyduldqwv=

x% ' fc x+ ' fc
%x+ � 5+x5% � 5++x5%+ � 25%+x5%% ' fc

%x% � +x+ � 5%x5% n 5+x5+ n 25++x5++ � 25%%x5%% ' fc
+x% � 5%x5+ � 25%+x5++ � 5%%x5%+ ' fc

%x% n +x+ nx5 � 5%x5% � 5+x5+ � 25++x5++ � 25%+x5%+ � 25%%x5%% ' f�
Wkhvh vl{ htxdwlrqv lq hljkw yduldeohv doorz wzr ixqgdphqwdo vroxwlrqv1 Wkh
�uvw wzr htxdwlrqv h{suhvv wkdw x grhv qrw h{solflwo| ghshqg rq % dqg +1 Vr
zh frqvlghu wkh uhpdlqlqj irxu htxdwlrqv lq vl{ yduldeohv1 Wr wklv hqg/ ohw
d�Ef�� c �Ef�2 c �Ef�� c �Ef�e c �Ef�D c �Ef�S o ' d5c 5%c 5+c 5%%c 5%+c 5++o1 Dq lqwhjudo edvlv iru wkh
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wklug uhpdlqlqj htxdwlrq ohdgv wr wkh iroorzlqj qduurzlqj wudqvirupdwlrq=
�E��� ' �Ef�� c �E��2 ' �Ef�2 c �E��� ' �Ef�e c �E��S ' �Ef�� c

�E��e ' �Ef�D �Ef�2 � �Ef�e �Ef��
�Ef�2

c

�E��D ' �Ef�S E�Ef�2 �2 n �Ef�e E�Ef�� �2 � 2�Ef�� �Ef�D �Ef�2
E�Ef�2 �2 �

Wkh rwkhu wkuhh htxdwlrqv duh wudqviruphg e| lw lqwr

�E��2 �E��S
YxE��

�E��2
n2E�E��2 �E��e n�E��� �E��S �Yx

E��

�E���
n�E��2 �E��D

YxE��

�E��e
�2�E��S �E��D

YxE��

�E��D
' fc

� �E��2
YxE��

�E��2
� 2�E���

YxE��

�E���
n 2�E��D

YxE��

�E��D
' fc

YxE��

�E���
� �E��2

YxE��

�E��2
� 2�E���

YxE��

�E���
� 2�E��e

YxE��

�E��e
� 2�E��D

YxE��

�E��D
' f�

Qrz zh lwhudwh1 Dq lqwhjudo edvlv iru wkh vhfrqg ri wkh deryh htxdwlrqv ohdgv
wr wkh qduurzlqj wudqvirupdwlrq

�E2�� ' �E��� c �E2�� ' �E��e c �E2�D ' �E��2 c
�E2�2 ' �E���

E�E��2 �2 c �E2�e ' �E��D E�E��2 �2�
Wkh rwkhu wzr htxdwlrqv duh wudqviruphg e| lw lqwr

2�E2��
YxE2�

�E2�2
n �E2�e

YxE2�

�E2��
' fc

YxE2�

�E2��
� 2�E2��

YxE2�

�E2��
� e�E2�e

YxE2�

�E2�e
' f�

Zh lwhudwh djdlq> dq lqwhjudo edvlv iru wkh �uvw ri wkh deryh htxdwlrqv ohdgv
wr wkh qduurzlqj wudqvirupdwlrq

�E��� ' �E2�� c �E��2 ' �E2�e c �E��e ' �E2�2 c
�E��� ' ��E2�2 �E2�e n E�E2�� �2�
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Wkh rwkhu htxdwlrq lv wudqviruphg e| lw lqwr
YxE��

�E���
� e�E��2

YxE��

�E��2
� e�E���

YxE��

�E���
' f�

Dq lqwhjudo edvlv iru wklv vlqjoh olqhdu SGH lv
xE��

� ' �E��2 ee�E��� c xE��
2 ' �E��� ee�E��� �

E| lqyhuwlqj wkh deryh wkuhh qduurzlqj wudqvirupdwlrqv zh duulyh dw wzr
ixqgdphqwdo vroxwlrqv ri wkh ruljlqdo v|vwhp ri gl�huhqwldo lqyduldqwv1 Wkh|
duh

x� ' E52%+ � 5%%5++�ee5/ x2 ' E5++52% � 25%5+5%+ n 5%%52+�ee51
Wkhq /Ex�cx2� ' f uhsuhvhqwv wkh prvw jhqhudo SGH ri rughu wzr lq rqh
ghshqghqw dqg wzr lqghshqghqw yduldeohv zklfk kdv �T22 dv v|pphwu| jurxs1

Zh vkrz iru h{dpsoh wkdw x� lv lqyduldqw xqghu Y% dqg +Y+1 Zh kdyh wkdw
Y% lv wkh lq�qlwhvlpdo jhqhudwru ri wkh rqh0sdudphwhu wudqvirupdwlrq jurxs

7% ' %n @c 7+ ' +c 75 ' 5� +5155,
Qrz/

7x� ' E7527%7+ � 757%7%757+7+�ee75 ' E527%+ � 57%7%5++�ee5 ' E52%+ � 5%%5++�ee5 ' x�c
l1h1 x� lv lqyduldqw xqghu +5155,1 Qrwh wkdw wkh wklug htxdolw| vljq krogv
ehfdxvh ri 57% ' 5% _7%

_% ' 5%1
Rq wkh rwkhu kdqg/ +Y+ lv wkh lq�qlwhvlpdo jhqhudwru ri wkh rqh0sdudphwhu

jurxs ri wudqvirupdwlrqv
7% ' %n @+c 7+ ' +c 75 ' 5� +5156,

Djdlq/ zh kdyh
7x� ' E7527%7+ � 757%7%757+7+�ee75 ' E527%+ � 57%7%5++�ee5 ' E52%+ � 5%%5++�ee5 ' x�/

l1h1 x� lv lqyduldqw xqghu +5156,1 Iru wkh wklug htxdolw| vljq/ qrwh wkdw

57% ' 5%_7%_% n 5+ _7%_+ ' 5% n @5+/
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dqg khqfh
527%+ ' E5%+ n @5++�2 ' 52%+ n 2@5%+5++ n @252++1

Ixuwkhupruh/
57%7% ' E5% n @5+�7% ' 5%7% n @5+7%

' E5%%_7%_% n 5%+ _7%_+ � n @E5+%_7%_% n 5++ _7%_+ �

' 5%% n @5%+ n @5%+ n @25++
' 5%% n 2@5%+ n @25++�

Khqfh zh kdyh
E527%+ � 57%7%5++� ' E52%+ n 2@5%+5++ n @252++�� E5%%5++ n 2@5%+5++ n @252++�

' 52%+ � 5%%5++�

516 Wzr W|shv ri Lqyduldqwv
Lq wklv vhfwlrq zh lqwurgxfh wkh qrwlrq ri d edvlv ri gl�huhqwldo lqyduldqwv1
Lq wkh irupxodwlrq/ zh vshfldol}h wr wkh rughu wzr fdvh zlwk rqh ghshqghqw
yduldeoh 5 dqg wzr lqghshqghqw yduldeohv %/ +1 Dgglwlrqdoo|/ wkh frqfhsw ri
orzhu lqyduldqwv lv lqwurgxfhg1

Zh ghqrwh wkh yduldeohv e| T G' i%c +c 5j dqg wkh gl�huhqwldo yduldeohv
e| ` G' i5%c 5+c 5%%c 5%+c 5++j� Wkhlu xqlrq lv ghqrwhg e| L G' T ^` 1 Ohw
Co eh dq o0sdudphwhu vsdfh srlqw wudqvirupdwlrq jurxs zlwk jhqhudwruv

fk ' [
�MT

1kc�ET �Y�c k ' �c � � � c o�

D ixqfwlrq 8 EL� lv dq lqyduldqw ri wkh wzr wlphv h{whqghg wudqvirupdwlrq
jurxs zlwk jhqhudwruv

fE2�k ' [
�MT

1kc�ET �Y� n
[
�M`

lkc�ET �Y�c k ' �c � � � c oc

li dqg rqo| li lw vroyhv wkh iroorzlqj v|vwhp ri krprjhqhrxv olqhdu sduwldo
gl�huhqwldo htxdwlrqv=

fE2�k E8 � � fc k ' �c � � � c o� +5157,
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Khuhe|/ lkc� iru � 5 ` duh wkh surorqjdwlrqv ri rughu rqh dqg wzr/ uhvshf0
wlyho|1 Wkh ixqfwlrq 8 lv fdoohg d gl�huhqwldo lqyduldqw ri rughu wzr1

Zh gh�qh oW wr eh wkh udqn ri wkh frh!flhqw pdwul{ ri wkh v|vwhp +5157,/
l1h1

oW G' o@?&Ed1kc�c lkc�o�MTc �M`
k'�c��� co ��

Wkh qxpehu ri yduldeohv L lqyroyhg lq +5157, lv hljkw/ vr dq| ? G' H � oW
ixqfwlrqdoo| lqghshqghqw vroxwlrqv [�EL�c � � � c[?EL� ri +5157, irup d edvlv
ri lwv vroxwlrq vsdfh/ l1h1 dq| rwkhu vroxwlrq ri +5157, kdv wkh irup

8 ' xE[�EL�c � � � c[?EL���
Vlqfh wkh vroxwlrqv ri +5157, duh e| gh�qlwlrq wkh gl�huhqwldo lqyduldqwv/
[�EL�c � � � c[?EL� duh fdoohg d edvlv ri gl�huhqwldo lqyduldqwv iru Co1 Lq wkh
iroorzlqj fkdswhuv/ wkh wrwdolw| ri gl�huhqwldo lqyduldqwv iru d jlyhq jurxs zloo
eh uhsuhvhqwhg e| d edvlv ri gl�huhqwldo lqyduldqwv iru wkh jurxs1

Zh zloo dozd|v eh deoh wr surylgh d edvlv ri gl�huhqwldo lqyduldqw iru dq|
o0sdudphwhu jurxs zlwk o � .1 Iru jurxsv zlwk pruh wkdq vhyhq sdudphwhuv/
wkh udqn oW lq jhqhudo lv hljkw/ khqfh wkh v|vwhp +5157, dgplwv rqo| wulyldo
frqvwdqw vroxwlrqv1 Rqo| lq h{fhswlrqdo fdvhv/ wkh udqn oW pljkw eh ohvv wkdq
hljkw/ wkxv doorzlqj wr frpsxwh dq lqyduldqw edvlv1 Wkhvh h{fhswlrqv duh dovr
grfxphqwhg lq wklv zrun1

Ohw xv qrz dvvxph wkdw Co lv dq o0sdudphwhu jurxs zlwk o � H dqg
oW ' H1 Zh pljkw uhsodfh wkh v|vwhp +5157, zlwk dq htxlydohqw v|vwhp e|
fkrrvlqj hljkw htxdwlrqv wkdw ohdyh wkh qhz v|vwhp zlwk ixoo udqn/ z1o1r1j1
zh frqvlghu

fE2�k E8 � � fc k ' �c � � � c H� +5158,
Zh fdq h{shfw wr �qg d qrq0wulyldo vroxwlrq ri +5158,/ li wkh ghwhuplqdqw ri
lwv txdgudwlf frh!flhqw pdwul{

_ G' _i|Ed1kc�c lkc�o�MTc �M`
k'�c��� cH �

ydqlvkhv1 Zh fdoo dq| luuhgxfleoh idfwru s ri _ wkdw vdwlv�hv
fE2�k Es� �s fc k ' �c � � � c H/ +5159,

d orzhu lqyduldqw ri Co1 Wkh frpsxwdwlrq surfhhgv e| idfwrulqj wkh ghwhu0
plqdqw _ lqwr luuhgxfleoh idfwruv dqg dsso|lqj wkh whvw +5159, iru hdfk idfwru1
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517 Edvlf Qrwlrqv iru Olh Dojheudv
Lq wklv vhfwlrq zh lqwurgxfh vhyhudo edvlf qrwlrqv iru Olh dojheudv ri yhfwru
�hogv/ wkh rqo| w|sh ri Olh dojheudv frqvlghuhg lq wklv zrun1 Wkh qrwlrqv
lqwurgxfhg iru odwhu xvh duh frppxwdwru wdeoh/ ghulyhg vhulhv/ lvrprusklvp
dqg vlplodulw|1 Ghwdlov dqg wkh sxuho| dojheudlf wkhru| ri Olh dojheudv dv
lqwurgxfhg e| Z1 Nloolqj pd| eh irxqg lq wkh errn e| Mdfrevrq ^7`1
Gh�qlwlrq= D Olh dojheud ri yhfwru �hogv lv d yhfwru vsdfh w ri rshudwruv
f ' S

� 1�E%�Y%� hqgrzhg zlwk wkh frppxwdwru d�c �o vxfk wkdw
dfct o G' ft � tf 5 wc fc t 5 w1

Uhpdun= Wkh frppxwdwru lv elolqhdu/ vnhz0v|pphwulf dqg vdwlv�hv wkh Md0
frel lghqwlw|

dfc dtc ~oo n dtc d~cfoo n d~c dfct oo ' fc fc tc ~ 5 w�
Iurp qrz rq/ zh ghqrwh d Olh dojheud ri yhfwru �hogv e| OD iru vkruw1

Gh�qlwlrq= Zh vd| wkdw wkh �qlwh OD w kdv glphqvlrq o/ zulwwhq _�4Ew� '
o/ li w lv wkh olqhdu vsdq ri o olqhduo| lqghshqghqw rshudwruv f�c � � � c fo zlwk
frqvwdqw frh!flhqwv/ zulwwhq w ' if�c � � � c foj1 Zh fdoo f�c � � � c fo d edvlv
ri w1 Wkh pdwul{

ddf�cf� oo�'�c��� co
�'�c��� co

lv fdoohg wkh frppxwdwru wdeoh ri w z1u1w1 f�c � � � c fo1 Wkh frqvwdqwv S�c�c& lq
wkh uhodwlrqv

df�c f�o '
o[

&'�
S�c�c&f&c �c � ' �c � � � c o

duh fdoohg vwuxfwxuh frqvwdqwv1
Wkh frppxwdwru wdeoh lv vnhz v|pphwulf dqg kdv rqo| }hurv lq wkh gldj0

rqdo1
H{dpsoh= Ohw w ' if�c f2c f�j/ zkhuh f� ' %�3�Y% iru � ' �c 2c �� Wkh
frppxwdwru wdeoh ri w lv 57 f f� 2f2�f� f f��2f2 �f� f

68 1
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Gh�qlwlrq= Wkh ghulyhg dojheud wE�� ri d OD w lv wkh OD jhqhudwhg e| doo
frppxwdwruv ri w

wE�� ' dwcwo ' idfct o m fct 5 wj�
Ghulyhg dojheudv ri kljkhu rughu duh gh�qhg uhfxuvlyho| e|

wE�n�� ' EwE���E��c � � �1
Wkh ghulyhg vhulhv ri d �qlwh OD lv wkh vhtxhqfh ri glphqvlrqv ri lwv ghulyhg
dojheudv1 Zh suhvhqw wkh ghulyhg vhulhv lq wkh irup ri wkh �qlwh vhtxhqfh

E_�4Ew�c _�4EwE���c � � � c_�4EwE|���c
zkhuh | lv wkh vpdoohvw qxpehu f � | � _�4Ew� n � vxfk wkdw

wE|� ' wE|n�� ;� � ��
H{dpsoh= Frqvlghu w ' �T��c� ' iY%c Y+c +Y+ n Y5j zlwk _�4Ew� ' �� E|
frqvlghulqj wkh frppxwdwru wdeoh ri w57 f f f

f f Y+
f �Y+ f

68 /

zh vhh wkdw wE�� ' dwcwo ' iY+j/ dqg khqfh _�4EwE��� ' �1 Vlqfh wE2� '
dwE��cwE��o ' ij/ zh kdyh _�4EwE2�� ' f1 Khqfh wkh ghulyhg vhulhv lv

E_�4Ew�c _�4EwE���c_�4EwE2��� ' E�c �c f��
Wkh jurxs fodvvl�fdwlrq ri ruglqdu| GHv sE%c +c +�c � � � c +E6�� ' f lq Vhf0

wlrq 714 lv edvhg rq wkh hqxphudwlrq ri doo srvvleoh ODv +lq�qlwhvlpdo jurxsv
lq Olh*v whuplqrorj|, lq wkh E%c +�0sodqh1 Lq wkh hqxphudwlrq jlyhq lq Vhfwlrq
615/ wkh dojheudv duh pd{lpdoo| vlpsol�hg e| d surshu fkrlfh ri edvhv dqg e|
phdqv ri d vxlwdeoh fkdqjh ri yduldeohv1 Dvvrfldwhg zlwk wkhvh wzr w|shv ri
vlpsoli|lqj wudqvirupdwlrqv duh wzr glvwlqfwo| gl�huhqw qrwlrqv= lvrprusklf
dqg vlplodu ODv1
Gh�qlwlrq +Lvrprusklf ODv, Ohw w dqg k eh wzr ODv/ dqg ohw _�4Ew� '
_�4Ek�1 D olqhdu rqh0wr0rqh pds s ri w rqwr k lv fdoohg dq lvrprusklvp li
lw suhvhuyhv wkh frppxwdwlrq uhodwlrq/ l1h1 li

sEdfct o� ' dsEf�c sEt �oc fc t 5 w�
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Li wkh ODv w dqg k fdq eh uhodwhg e| dq lvrprusklvp/ wkh| duh whuphg
lvrprusklf ODv1
Wkhruhp Wzr �qlwh0glphqvlrqdo ODv duh lvrprusklf li dqg rqo| li rqh fdq
fkrrvh edvhv iru wkh dojheudv vxfk wkdw wkh dojheudv kdyh/ lq wkhvh edvhv/
htxdo vwuxfwxuh frqvwdqwv/ l1h1 wkh vdph wdeoh ri frppxwdwruv1
Gh�qlwlrq +Vlplodulw|, Wkh ODv ri yhfwru �hogv w dqg w duh vlplodu li rqh lv
rewdlqhg iurp wkh rwkhu e| d fkdqjh ri yduldeohv1 Lw phdqv wkdw wkh rshudwruv
f ' S 1�E%�Y%� dqg f ' S 71�E7%�Y7%� ri w dqg w duh uhodwhg e|

7%� ' 7%�E%�c 71� ' fE7%��m%'7%3�E%�c � ' �c � � � c ?/
zkhuh 7%3�E%� ghqrwhv wkh lqyhuvh ri wkh fkdqjh ri yduldeohv 7%E%�1
H{dpsoh= Ohw f ' Y+ eh wkh rshudwru ri wudqvodwlrq lq + lq wkh E%c +�0
sodqh1 Zh frpsxwh wkh wudqviruphg rshudwruf xqghu wkh fkdqjh ri yduldeohv
7% ' %n +c 7+ ' %� +� Zlwkrxw kdylqj wr frqvlghu wkh lqyhuvh yduldeoh fkdqjh
% ' E7%n 7+�*2/ + ' E7%� 7+�*2 zh jhw

71% ' Y+E7%�m%'7%3� ' �c 71+ ' Y+E7+�m%'7%3� ' ��c l1h1 f ' Y7% � Y7+�
Uhpdun Lq rughu wkdw wzr ODv zlwk wkh vdph glphqvlrq dqg wkh vdph
qxpehu ri yduldeohv duh vlplodu/ lw lv qhfhvvdu| wkdw wkh| duh lvrprusklf1
Wkh frqyhuvh lv qrw wuxh1

Lw lv suhflvho| vlplodulw| wkdw lv ri xvh lq jurxs dqdo|vlv dv d fulwhulrq ri uh0
gxflelolw| ri rqh GH wr dqrwkhu e| d vxlwdeoh fkdqjh ri yduldeohv1 Qrqhwkhohvv/
hvwdeolvklqj lvrprusklvp lv lpsruwdqw dv d �uvw vwhs iru wkh ghwhuplqdwlrq ri
vlplodulw|1 Zh vwdwh d wkhruhp derxw ghflglqj vlplodulw| iru frpsxwdwlrqdo
sxusrvhv> zh lqwurgxfh wkh qrwlrq ri frqqhfwhgqhvv �uvw1
Gh�qlwlrq +Frqqhfwhgqhvv, Gl�huhqwldo rshudwruv f�c � � � c fo duh vdlg wr eh
frqqhfwhg li wkhuh h{lvw ixqfwlrqv b�E%�/ qrw doo }hur/ vxfk wkdw

b�E%�f� n � � �n boE%�fo ' fc +515:,
wklv ehlqj vdwlv�hg dv dq rshudwru lghqwlw| lq d qhljkerukrrg ri d jhqhulf %1
Li wkh uhodwlrq +515:, lpsolhv b� ' � � � ' bo ' f/ zh vd| wkdw wkh rshudwruv
f�c � � � cfo duh xqfrqqhfwhg1
Wkhruhp +Vlplodulw| ri jurxsv, Lq rughu wkdw wzr jurxsv f�c � � � cf? lq wkh
E%c +c 5�0vsdfh dqg f�c � � � c f? lq wkh E%c +c 5�0vsdfh/ uhvshfwlyho|/ duh vlplodu/
wkh iroorzlqj frqglwlrqv duh qhfhvvdu| dqg vx!flhqw1
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41 Wkh wzr jurxsv pxvw kdyh wkh vdph vwuxfwxuh/ l1h1 li wkh uhodwlrqv
Ef�cf�� ' So

&'� S��&f& duh ydolg/ lw pxvw eh srvvleoh wr fkrrvh vxlwdeoh
olqhdu frpelqdwlrqv f� ' So

�'� ���f� zlwk frqvwdqwv ��� vxfk wkdw wkh
f� vdwlvi| wkh uhodwlrqv Ef �c f�� ' So

&'� S��&f&/ l1h1 wkh vwuxfwxuh
frqvwdqwv kdyh wkh vdph ydoxhv dv iru wkh f�1

51 Li f�c � � � c f? duh xqfrqqhfwhg zkhuhdv f?n� ' S?
�'�x��E%c +c 5�f� /

wkh fruuhvsrqglqj jhqhudwruv f�c � � � c f? duh dovr xqfrqqhfwhg/ zkhuh0
dv wkh uhodwlrqv f?n� ' S?

�'�x��E%c +c 5�f� duh ydolg vxfk wkdw wkh
htxdwlrqv x��E%c +c 5� ' x��E%c +c 5� duh frqvlvwhqw1 Lq sduwlfxodu/ wkh|
vkrxog qrw jhqhudwh d uhodwlrq dprqj %/ + dqg 5 rq wkh rqh kdqg/ ru
%/ + dqg 5 rq wkh rwkhu1

Wkh surri ri wklv wkhruhp pd| eh irxqg lq ^6`1

518 V|vwhpv ri Lpsulplwlylw|
Lq wklv vhfwlrq zh lqwurgxfh v|vwhpv ri lpsulplwlylw|1 Olh xvhg wkhlu qxpehu
dqg w|sh wr rewdlq d fodvvl�fdwlrq ri jurxsv doorzhg e| ydulrxv pdqlirogv
^:/ ;`1 Wkh suhvhqwdwlrq ri sodqh dqg vsdfh jurxsv lq wkh iroorzlqj fkdswhuv
lv rujdql}hg wkdw zd|1 Wudqvlwlylw| dqg sulplwlylw| duh qrwlrqv iurp vxevwl0
wxwlrq wkhru|> Olh h{whqghg wkhp wr wudqvirupdwlrq jurxsv1 Ghwdlov pd| eh
irxqg lq ^:/ 43`1

Zh lqwurgxfh wkh qrwlrq ri wudqvlwlylw| �uvw1
Gh�qlwlrq +Wudqvlwlyh dqg Lqwudqvlwlyh Jurxsv, Ohw ( eh d grpdlq lq U?1
Dq o0sdudphwhu wudqvirupdwlrq jurxs A@ G ( $ ( zlwk sdudphwhu vsdfh
� � Uo lv fdoohg wudqvlwlyh l�

;7%c 7+ 5 ( <7@ 5 � G A7@E7%� ' 7+� +515;,
Li +515;, lv qrw vdwlv�hg/ zh fdoo A lqwudqvlwlyh1
H{dpsoh= Wkh wudqvodwlrq jurxs AE@�c@2�E%�c %2� ' E%� n @�c %2 n @2� ri
wkh sodqh lv reylrxvo| wudqvlwlyh1 Iru hyhu| fkrlfh ri wzr srlqwv E7%�c 7%2�/
E7+�c 7+2� zh kdyh AE7+�37%�c7+237%2�E7%�c 7%2� ' E7+�c 7+2�� Wkh wudqvirupdwlrq jurxs
AE@�c@2�E%�c %2� ' E%�c %2 n @�%� n @2� lv reylrxvo| lqwudqvlwlyh1 Iru hyhu|
fkrlfh ri wzr srlqwv E7%�c 7%2�/ E7+�c 7+2� zlwk 7%� 9' 7+�/ wkhuh lv qr fkrlfh ri
sdudphwhuv E7@�c 7@2� vxfk wkdw AE7@�c7@2� pdsv wkh �uvw srlqw lqwr wkh odwwhu1
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Li wkh lq�qlwhvlpdo jhqhudwruv ri wkh wudqvirupdwlrq jurxs duh nqrzq/ wkh
iroorzlqj fulwhulrq pd| eh xvhg wr ghflgh wudqvlwlylw|1
Wkhruhp= D jurxs ri wkh ?0glphqvlrqdo vsdfh zlwk o lq�qlwhvlpdo jhqhud0
wruv f& ' S?

�'� 1&c�E%�Y%�/ & ' �c � � � c o/ lv wudqvlwlyh l�
o@?&E�1&c���'�c��� co

&'�c��� c?� ' ?1 +515<,
Khuhe|/ o@?& ghqrwhv wkh pd{lpdo qxpehu ri xqfrqqhfwhg olqhv ri wkh pd0
wul{1
H{dpsoh= Zh frqvlghu TS ' iY%c Y+c Y5c %Y+ � +Y%c %Y5 � 5Y%c +Y5 � 5Y+jc d
vsdfh jurxs iurp Vhfwlrq 616 +�Wkh Sulplwlyh Vsdfh Jurxsv�,1 E| dsso|lqj
fulwhulrq +515<,

o@?&
3EC57 � f f + f �5

f � f �% 5 f
f f � f �+ %

68A4FD ' �

zh frqfoxgh wkdw TS lv wudqvlwlyh1 Dv d vhfrqg h{dpsoh/ zh frqvlghu wkh
vsdfh jurxs �T� ' iY%c Y+c %Y%c +Y%c %Y+c +Y+c %2Y% n %+Y+c +2Y+ n %+Y%j iurp
Vhfwlrq 617 +�Wkh Lpsulplwlyh Vsdfh Jurxsv�,1 E| dsso|lqj fulwhulrq +515<,

o@?&
3EC57 � f % + f f %2 %+

f � f f % + %+ +2
f f f f f f f f

68A4FD ' 2

zh frqfoxgh wkdw �T� lv lqwudqvlwlyh1
Sulru wr lqwurgxflqj lpsulplwlyh jurxsv/ zh lqwurgxfh wkh qrwlrq ri dq

lqyduldqw pdqlirog1
Gh�qlwlrq +Lqyduldqw Pdqlirog, D pdqlirog P � U? lv fdoohg lqyduldqw
xqghu wkh wudqvirupdwlrq A G U? $ U? l� A EP� ' P1 Lw lv lqyduldqw xqghu
wkh wudqvirupdwlrq jurxs A l� lw lv lqyduldqw xqghu doo wudqvirupdwlrqv ri A�
Gh�qlwlrq +Sulplwlyh dqg Lpsulplwlyh Jurxsv, D wudqvlwlyh jurxs ri wkh
?0glphqvlrqdo vsdfh lv fdoohg lpsulplwlyh l� lw ghwhuplqhv dw ohdvw rqh sduwl0
wlrq ri wkh vsdfh lqwr E? � ^�0sdudphwhu idplolhv ri lqyduldqw ^0glphqvlrqdo
pdqlirogv iru vrph ^ zlwk � � ^ � ? � �1 Li qr vxfk sduwlwlrq h{lvwv/ wkh
jurxs lv fdoohg lqwudqvlwlyh1
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H{dpsoh= Wkh wudqvodwlrq jurxs ri wkh sodqh frqvlghuhg lq wkh h{dpsoh
deryh AE@�c@2�E%�c %2� ' E%�n@�c %2n@2� lv wudqvlwlyh dqg wudqvirupv dq| olqh
%2 ' k%�nq lqwr 7%2 ' k7%�nq� zlwk wkh vdph ydoxh ri k1 Iru �{hg k/ wkh rqh0
sdudphwhu idplo| ri rqh0glphqvlrqdo lqyduldqw pdqlirogv I ' iPq m q 5 Ujc
zkhuh Pq ' iE%�c %2� m %2 ' k%� n qj/ lv d sduwlwlrq ri wkh sodqh/ khqfh zh
kdyh wkdw A lv lpsulplwlyh1
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Fkdswhu 6
Wkh Vsdfh Srlqw Jurxsv
Olh xvhg wkh whup w|sh ri d srlqw jurxs iru wkh ixoo htxlydohqfh fodvv ri wkh
uhvshfwlyh jurxs z1u1w1 srlqw wudqvirupdwlrqv1 Wkhuhiruh wkh w|sh lv frp0
sohwho| ghwhuplqhg e| surylglqj d fdqrqlfdo uhsuhvhqwdwlyh iru wkh fodvv1 Olh
jdyh d fodvvl�fdwlrq ri wkh jurxsv ri wkh sodqh lq ^;` e| surylglqj d fdqrqlfdo
uhsuhvhqwdwlyh iru hdfk w|sh1

Lq wklv fkdswhu zh olvw doo �qlwh frqwlqxrxv vsdfh jurxsv1 Diwhu lqwurgxflqj
vrph qrwdwlrq lq wkh �uvw vhfwlrq/ Olh*v fodvvl�fdwlrq ri wkh jurxsv ri wkh sodqh
lv glvfxvvhg lq Vhfwlrq 6151 Wkh iroorzlqj wkuhh vhfwlrqv/ Vhfwlrq 6160618/
suhvhqw olvwlqjv ri wkh jurxsv ri wkh �0glphqvlrqdo vsdfh1 Wkh| duh glylghg
lqwr wkuhh fdwhjrulhv dffruglqj wr wkhlu v|vwhpv ri lpsulplwlylw|1 Wkhvh wkuhh
fdwhjrulhv duh qrw fodlphg wr eh glvmrlqw/ exw wkh| uhsuhvhqw d ixoo olvw ri
jurxsv1 Zkloh wkh jurxsv lq vhfwlrq 618 duh h{wudfwhg iurp d sdshu e| Xjr
Dpdogl ^4` zkr frpsohwhg Olh*v olvwlqj/ wkh uhpdlqlqj vhfwlrqv ri wklv fkdswhu
fdq eh h{wudfwhg iurp ^:/ ;`1

Wklv olvwlqj ri vsdfh jurxsv lv wkh edvlv iru wkh fodvvl�fdwlrq sureohp iru
SGHv lq rqh ghshqghqw dqg wzr lqghshqghqw yduldeohv1 Zh dovr lqglfdwh
wkh jurxs vl}h iru dq| olvwhg jurxs> wkh rqo| h{fhswlrqv duh jurxsv zkrvh
qxpehu ri jhqhudwruv fdq eh vhhq lpphgldwho|/ dqg wkh Dpdogl jurxsv ri
w|sh E/ zklfk kdyh qrw ehhq surfhvvhg zlwklq wkh iudph ri wklv zrun1

614 Vrph Qrwdwlrq
Lq wklv vxevhfwlrq zh lqwurgxfh vrph qrwdwlrq xvhg wr vlpsoli| wkh suhvhqwd0
wlrq ri vsdfh jurxsv1

63



Gh�qlwlrq= Iru dq lqwhjhu yduldeoh � dqg dq lqwhjhu frqvwdqw ru yduldeoh ?
zh zulwh � $ ? iru � ' �c � � � c ?� Zh zulwh � $W ? iru � ' fc � � � c ?1
Gh�qlwlrq= Iru d whup |/ zh ghqrwh e| |��', wkh olvw

|d� ' ,oc |d� ' , n �oc � � � c |d� ' �o�
Vlploduo| |7�'7,c��� c7�

�',c��� c� ghqrwhv
|d� ' ,c 7� ' 7,oc � � � c |d� ' ,c 7� ' 7�oc � � � c |d� ' �c 7� ' 7,oc � � � c |d� ' �c 7� ' 7�o�

Dovr vhyhudo pxowl0sdudphwhu udqjhv duh doorzhg/ iru h{dpsoh |&<,�<6c �<? hwf1
H{dpsoh=

E%�Y+ n �%�3�Y5�r�'f ' Y+c %Y+ n Y5c � � � c %rY+ n r%r3�Y5�
E%�+���<?

�<6 ' %+c � � � c %+?c %2+c � � � c %2+?c � � � c %6+c � � � c %6+?�
Gh�qlwlrq= Iru d wuxwk ydoxh irupxod K/ zh ghqrwh e| dKo wkh wuxwk ydoxh ri
K z1u1w1 lwv dfwxdo dujxphqwv1
H{dpsoh=

d� � |o ' � li � � |/ d� � |o ' f rwkhuzlvh1
Gh�qlwlrq= Iru d jhqhudwru } ' 1�Y%n12Y+n1�Y5 dqg � 5 i%c +c 5j zh ghqrwh
e| }� wkh jhqhudwru uhfhlyhg e| dsso|lqj wkh rshudwru Y� wr wkh frh!flhqwv
ri }1
H{dpsoh= Ohw } G' %2Y% n r%+Y+ n dEr� 2�5%n r+oY5� Wkhq

}% ' 2%Y% n r+Y+ n Er� 2�5Y5�

615 Olh*v Fodvvl�fdwlrq ri wkh Jurxsv ri wkh
Sodqh

Wkh lpsruwdqfh ri wkh sodqh jurxsv ruljlqdwhv iurp wkh idfw wkdw dq| jurxs
ri srlqw v|pphwulhv ri dq RGH pxvw eh vlplodu wr rqh ri wkrvh �qlwh jurxsv
ri srlqw wudqvirupdwlrqv1 Ixuwkhupruh/ wkh fodvvl�fdwlrq ri vsdfh jurxsv lv
edvhg rq d vxlwdeoh h{whqvlrq ri wkh jurxsv ri wkh sodqh1 Dq| ri wkh jurxsv
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olvwhg ehorz lv d uhsuhvhqwdwlyh ri d ixoo htxlydohqfh fodvv wkdw pd| eh rewdlqhg
e| dsso|lqj dq duelwudu| srlqw wudqvirupdwlrq1 Dfwxdoo|/ qrw doo ri wkhp gr
rffxu dv v|pphwu| jurxs ri dq RGH ri jlyhq rughu/ frpsduh Fkdswhu 714
+�Lqyduldqwv ri Olh*v Sodqh Jurxsv�,1

Wkh olvwlqj ri sodqh jurxsv jlyhq ehorz lv rujdql}hg e| wkhlu v|vwhpv ri
lpsulplwlylw|1 Lw lv wdnhq iurp ^43` dqg iroorzv forvho| wkh rqh jlyhq e| Olh
^;` zlwk vrph plqru fruuhfwlrqv lqfoxghg1
Sulplwlyh Jurxsv
}� G iY%c +Y%c Y+c %Y+c %Y% � +Y+j�
}2 G iY%c Y+c %Y+c +Y+c %Y%c +Y%j�
}� G iY%c Y+c %Y+c +Y+c %Y%c +Y%c %2Y% n %+Y+c %+Y% n +2Y+j�
Wzr V|vwhpv ri Lpsulplwlylw| % ' SJ?r|� dqg + ' SJ?r|�
}e G iY+c +Y+j�
}D G iY%c Y+c +Y+j�
}S G iY%c Y+c +Y+c %Y%j�
}. G iY%c Y+c %Y% n S+Y+j/ S *5 ifc �j�
}H G iY+c +Y+c +2Y+j�
}b G iY%c Y+c +Y+c +2Y+j�
}�f G iY% n Y+c %Y% n +Y+c %2Y% n +2Y+j�
}�� G iY%c Y+c +Y+c %Y%c +2Y+j�
}�2 G iY%c Y+c +Y+c %Y%c +2Y+c %2Y%j�
V|vwhp ri Lpsulplwlylw| % ' SJ?r|�
}�� G iY%c 2%Y% n +Y+c %2Y% n %+Y+j�
}�e G i+Y+c Y%c %Y%c %2Y% n %+Y+j�
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}�D G iY+c %Y+cx�E%�Y+c � � � cxoE%�Y+j/ vl}h= o n 2 � 2�
}�S G iY+c %Y+cx�E%�Y+c � � � cxoE%�Y+c +Y+j/ vl}h= o n � � ��
}�. G ie@&%Y+c %e@&%Y+c � � � c %4&e@&%Y+c Y%j/

, � �c @�E@� � �� ' f/ vl}h= � n , nS,
&'� 4& � ��

}�H G ie@&%Y+c %e@&%Y+c � � � c %4&e@&%Y+c +Y+c Y%j/
, � �c E@�c @2� ' Efc ��/ vl}h= 2 n , nS,

&'� 4& � e�
}�b G iY+c %Y+c � � � c %o3�Y+c Y%c %Y% n S+Y+j/ vl}h= o n 2 � e�
}2f G iY+c %Y+c � � � c %o3�Y+c Y%c %Y% n Eo+ n %o�Y+j/ vl}h= o n 2 � ��
}2� G iY+c %Y+c � � � c %o3�Y+c +Y+c Y%c %Y%j/ vl}h= o n � � D�
}22 G iY+c %Y+c � � � c %o3�Y+c Y%c 2%Y% n Eo � ��+Y+c %2Y% n Eo � ��%+Y+j/

vl}h= o n � � D�
}2� G iY+c %Y+c � � � c %o3�Y+c +Y+c Y%c %Y%c %2Y% n Eo � ��%+Y+j/ vl}h= o n e � S1
V|vwhp ri Lpsulplwlylw| + ' k%n SJ?r|�
}2e G iY%c Y+c %Y% n +Y+j�
}2D G iY+c %Y% n +Y+j�
}2S G iY%c Y+j�
V|vwhp ri Lpsulplwlylw| + ' k%n SJ?r|�
}2. G iY+j�
616 Wkh Sulplwlyh Vsdfh Jurxsv
Olh jdyh d sduwldo fodvvl�fdwlrq ri wkh srlqw jurxsv ri wkh wkuhh0glphqvlrqdo
vsdfh1 Dprqj wkhp duh doo sulplwlyh vsdfh jurxsv1 Wkh olvwlqj jlyhq ehorz
lv wdnhq iurp Fkdswhu : lq ^;` +�Ehvwlppxqj doohu sulplwlyhq Juxsshq ghv
guhlidfk dxvjhghkqwhq Udxphv�,1 Ohw C G' Y%c Y+c Y5�
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T� G iCc E%Y�c +Y�c 5Y���'%c+c5c E�2Y� n ��Y� n ��Y��t�c�c��'t%c+c5�j/ vl}h= �D�
T2 G iCc E%Y�c +Y�c 5Y���'%c+c5jc vl}h= �2�
T� G iCc E%Y% � �Y���'+c5c E�Y�c �Y��t�c�c��'t%c+c5�jc vl}h= ���
Te G iY5c %Y+c +Y%c %Y%� +Y+c %Y%n +Y+ n25Y5c 5E%Y%n +Y+ n 5Y5�c }c }5c 7}c 7}5jc

} G' 5Y% � +E%Y% n +Y+ n 5Y5�c 7} G' 5Y+ n %E%Y% n +Y+ n 5Y5�/ vl}h= �f�
TD G iCc E�Y� � �Y��E�c��'E%c+�cE%c5�cE+c5�j/ vl}h= S�
TS G i%Y% n +Y+ n 5Y5j ^ TD/ vl}h= .�
T. G iEY�n�Y5�t�c��'t%c+�c E�Y�n5Y5��'%c+c E�2Y�nE%+�5�Y�n�5Y5�t�c��'t%c+�j/

vl}h= S�
TH G iCc E�Y���Y��E�c��'E%c+�cE%c5�cE+c5�c }c E2�}�7E%c +c 5�Y��E�c��'E%c+�cE%c5�cE+c5�j/

} G' %Y% n +Y+ n 5Y5c 7E%c +c 5� G' %2 n +2 n 52/ vl}h= �f�

617 Olh*v Lpsulplwlyh Vsdfh Jurxsv
Lq klv sduwldo fodvvl�fdwlrq ri wkh srlqw jurxsv ri wkh wkuhh0glphqvlrqdo vsdfh/
Olh glylghg wkh lpsulplwlyh vsdfh jurxsv lqwr wkuhh fdwhjrulhv/ dffruglqj
wr wkhlu v|vwhpv ri lpsulplwlylw|1 Kh frpsxwhg wkh jurxsv ri wkh �uvw wzr
fdwhjrulhv h{solflwo|> zh suhvhqw wkhp lq wklv vhfwlrq1 Wkh| duh h{wudfwhg iurp
Fkdswhu ; lq ^;` +�Ehvwlppxqj jhzlvvhu lpsulplwlyhu Juxsshq ghv guhlidfk
dxvjhghkqwhq Udxphv�,1
V|vwhp ri Lpsulplwlylw| )E%c +c 5� ' SJ?r|�
�T� G iY%c Y+c E�Y��E�c��Mt%c+�2c E�2Y� n %+Y��t�c��'t%c+�j/ vl}h= H�
�T2 G i+Y%c %Y+c %Y% � +Y+c E~�E5�Y���'%c+

�<, j/ , � �/ ~� ' �/ vl}h= 2, n �1
�T� G i%Y% n +Y+j ^ �T2/ vl}h= 2, n �1
�Te G iY5j ^ �T�/ vl}h= b1
�TD G iY5c %Y+c +Y%c %Y% � +Y+c E5�eb&5Y���'%c+

&<�c �<W6&j/ � � �/ 6� � f/
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b& sdluzlvh glvmrlqw lqwhjhuv/ z1o1r1j1 b� ' f/ vl}h= e n 2�n 2S�
&'�6&1

�TS G i%Y% n +Y+j ^ �TDc vl}h= D n 2�n 2S�
&'� 6&1

�T. G i5Y5j ^ �Te/ vl}h= �f�
�TH G iY5c %Y+c +Y%c %Y% � +Y+c 5Y5 n @E%Y% n +Y+�c E5�Y���'%c+

�<W6j/ vl}h= 26n .1
�Tb G i%Y+c +Y%c %Y% � +Y+c %Y% n +Y+c E5�Y5���'fc E5�Y���'%c+

�<W6j/ vl}h= 26n H�
�T�f G i52Y5j ^ �T./ vl}h= ���
�T�� G iY5c %Y+c +Y%c %Y% � +Y+c }c }5c E5�Y���'%c+

�<W6jc
} G' 52Y5 n65E%Y% n +Y+�/ vl}h= 26n H�

�T�2 G i52Y5 n65E%Y% n +Y+�j ^ �Tb/ vl}h= 26n b�
Wzr V|vwhp ri Lpsulplwlylw| )E%c +c 5� ' SJ?r|�/ �E%c +c 5� ' SJ?r|�
�T�� G iY%c Y+c %Y+ n Y5c %Y% � +Y+ � 25Y5c +Y% � 52Y5j�
�T�e G iY%c Y+c %Y+c +Y%c %Y% � +Y+j ' E�T2�,'�1
�T�D G iY5j ^ �T�e ' E�TD�6�'b�'f

�'� / vl}h= S1
�T�S G iY5c Y%c E%�3�Y+ n �

�%�Y5�2�'�c %Y% � +Y+c +Y% n �
2+2Y5j�

�T�. G iE%4+jY5�jn4<W�j ^ �T�e/ E�T�.��'f ' �T�D/ vl}h= �n S1
�T�H G i5Y5j ^ �T�.c E�T�H��'f ' E�TH�@'6'f/ vl}h= �n .1
�T�b G iE5�Y5�2�'fj ^ �T�e ' E�T���6'f/ vl}h= H1
�T2f G i%Y% n +Y+j ^ �T��/ vl}h= S�
�T2� G i%Y% n +Y+j ^ �T�e ' E�T��,'�/ vl}h= S1
�T22 G i%Y% n +Y+ n Y5j ^ �T�e/ vl}h= S�
�T2� G i%Y% n +Y+ n @5Y5j ^ �T�./ vl}h= �n ./

E�T2��@'�'f ' E�TS�6�'b�'f
�'� c E�T2���'f@�'f ' E�TH�6'f1
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�T2e G i%Y% n +Y+ n 25Y5j ^ �T�S/ vl}h= .�
�T2D G i%Y% n +Y+j ^ �T�H/ E�T2D��'f ' �Tb6'f/ vl}h= �n H1
�T2S G i%Y% n +Y+j ^ �T�b ' E�T�2�6'f/ vl}h= b1
�T2. G iE�2Y� n %+Y� n 5d�'+oE+ � %5�Y5�t�c��'t%c+�j ^ �T2f/ vl}h= H�
�T2H G iE�2Y� n %+Y��t�c��'t%c+�j ^ �T2�c vl}h= H1
�T2b G iE�2Y� n %+Y� n �

2�Y5�t�c��'t%c+�j ^ �T22 ' �T�/ vl}h= H�
�T�f G iE�2Y� n %+Y� n ��5Y5�t�c��'t%c+�j ^ E�T2��@'2�*�c

E�T�f��'f ' �Te/ vl}h= �n b1
�T�� G i5Y5c E�2Y� n %+Y� n �5Y5�t�c��'t%c+�j ^ �T2�c vl}h= b�
�T�2 G iE�2Y� n %+Y� n ��5Y5�t�c��'t%c+�j ^ �T2D/ E�T�2��'f ' �T./ vl}h= �n�f�
�T�� G iE�2Y� n %+Y��t�c��'t%c+�j ^ �T2S ' �T�f/ vl}h= ���

618 Dpdoglv Lpsulplwlyh Vsdfh Jurxsv
Olh jdyh lq klv errn ^;` qrw doo lpsulplwlyh vsdfh jurxsv h{solflwo|1 Kh glg vr
iru wkh jurxsv ri fdwhjrulhv L dqg LL wkdw duh olvwhg lq wkh suhylrxv Vhfwlrq 6171
Kh rqo| jdyh wzr phwkrgv rq krz wr frpsxwh wkh jurxsv ri fdwhjru| LLL1 Wkh|
kdyh wzr v|vwhpv ri lpsulplwlylw| ri wkh irup

)E%c +c 5� ' SJ?r|�c �E%c +c 5� ' SJ?r|� +614,
Lq dgglwlrq/ wkhvh v|vwhpv fdq eh zulwwhq dv d v|vwhp ri vxuidfhv ri wkh irup

lE)E%c +c 5�c �E%c +c 5�� ' SJ?r|� +615,
Wklv fdwhjru| ri jurxsv lv dfwxdoo| pxfk odujhu wkdq wkh �uvw wzr fdwhjrulhv1
Lw zdv wkh Lwdoldq pdwkhpdwlfldq Xjr Dpdogl zkr h{solflwo| frpsxwhg wkh
uhsuhvhqwdwlyhv e| wkh �uvw phwkrg sursrvhg e| Olh ^4`1 Wr wklv hqg/ ohw xv
frqvlghu dq60sdudphwhu vsdfh jurxs C6/ zklfk lv grxeo| lpsulplwlyh lq wkh
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deryh vhqvh1 Iluvw zh dsso| d srlqw wudqvirupdwlrq wr C6 wkdw wudqvirupv
wkh lqyduldqw frqjuxhqfh +614, lqwr wkh vwdu

% ' SJ?r|�c + ' SJ?r|�/ +616,
wkh vhw ri olqhv sdudooho wr wkh 50d{lv1 Ixuwkhupruh/ lw vkrxog wudqvirup wkh
v|vwhp ri vxuidfhv +615, lqwr

% ' SJ?r|�/
wkh exqgoh ri sodqhv qrupdo wr wkh %0d{lv1 Wklv dprxqwv wr vd|lqj wkdw wkh
jhqhudwruv f� ri C6 qrz kdyh wkh iroorzlqj irup=

f� ' 1�E%�Y% n #�E%c +�Y+ n l�E%c +c 5�Y5/ � ' �c � � � c61
Wkhlu surmhfwlrqv

fER�
� ' 1�E%�Y% n #�E%c +�Y+/ � ' �c � � � c6/

zklfk duh qrw qhfhvvdulo| olqhdu lqghshqghqw/ irup dq lpsulplwlyh jurxs lq
wzr yduldeohv ri glphqvlrq , � 6� Vlqfh wkh jurxsv ri wkh sodqh duh douhdg|
fodvvl�hg +frpsduh Vhfwlrq 615,/ zh dvvxph z1o1r1j1 wkdw wkh surmhfwhg jurxs
ri C6 uhsuhvhqwv rqh ri wkrvh nqrzq irupv1 Khqfh wkh jhqhudwruv f� ri C6
kdyh wkh iroorzlqj irup=

f� ' 1�E%�Y% n #�E%c +�Y+ n l�E%c +c 5�Y5/ � ' �c � � � c ,c
f� ' )�E%c +c 5�Y5/ � ' �c � � � c6� ,1

Wkh )�E%c +c 5�Y5 jhqhudwh d vxejurxs ri C6/ wkh eljjhvw vxejurxs wkdw ohdyhv
doo olqhv ri wkh irup +616, lqyduldqw1 Hdfk vlqjoh olqh doorzv rqh ri irxu fdvhv/
qdpho| wkh lghqwlw| wudqvirupdwlrq/ ru d jurxs zlwk rqh/ wzr/ ru wkuhh sd0
udphwhuv +frpsduh ^;`/ sdjh 9,1 Dv d frqvhtxhqfh/ wkh vxejurxs jhqhudwhg
e| wkh )�E%c +c 5�Y5 lv htxlydohqw wr wkh lghqwlw| wudqvirupdwlrq/ ru wr d vxe0
jurxs zlwk jhqhudwruv ri rqh ri wkh iroorzlqj wkuhh irupv +frpsduh ^;`/ sdjh
488,=

)�E%c +�Y5/ � ' �c 2c � � � c6� ,/ ru
Y5c )�E%c +�Y5/ � ' �c 2c � � � c6� , � �/ ru

5�Y5/ � ' fc �c 21
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Fruuhvsrqglqj wr wkrvh irxu fdvhv/ zh jhw wkh iroorzlqj srvvleoh irupv iru
C6=

1�E%�Y% n #�E%c +�Y+ n l�E%c +c 5�Y5 E� ' �c 2c � � � c ,�� +^D`,
1�E%�Y% n #�E%c +�Y+ n l�E%c +c 5�Y5 E� ' �c 2c � � � c ,�c +^E`,

)�E%c +�Y5 E� ' �c 2c � � � c � : f��
1�E%�Y% n #�E%c +�Y+ n l�E%c +c 5�Y5 E� ' �c 2c � � � c ,�c +^F`,

5Y5c )�E%c +�Y5 E� ' �c 2c � � � c � : f��
1�E%�Y% n #�E%c +�Y+ n l�E%c +c 5�Y5 E� ' �c 2c � � � c ,�c +^G`,

5�Y5 E� ' fc �c 2��
Frqfoxvlrq Vwduwlqj zlwk wkh lpsulplwlyh jurxsv ri wkh sodqh/ rqh kdv
wr frqvlghu hdfk ri wkh fdvhv ^D`/ ^E`/ ^F` dqg ^G` lq rughu wr rewdlq wkh
fruuhvsrqglqj jurxsv ri wkh vsdfh1 Lq wkh fdvhv ^D` dqg ^G`/ wklv uhgxfhv wr
ghwhuplqlqj wkh ixqfwlrqv l�E%c +c 5� vxfk wkdw doo frppxwdwruv

f�f� �f�f�

ehorqj wr wkh olqhdu kxoo ri wkh uhvshfwlyh jhqhudwruv1
Dpdogl dovr shuiruphg ixuwkhu suhfdofxodwlrqv uhyhdolqj wkh vwuxfwxuh ri

wkh xqnqrzq ixqfwlrqv pruh forvho|1
Fdwhjru| E= Iru d jurxs ri w|sh ^E`/ zh fdq fkrrvh

l�E%c +c 5� ' l�c�E%c +�5 n l �c2E%c +�/ � ' �c 2c � � � c ,�

Fdwhjru| F= Iru d jurxs ri w|sh ^F`/ zh fdq fkrrvh
l�E%c +c 5� ' 7l �E%c +�5/ � ' �c 2c � � � c ,�

Fdwhjru| G= Iru d jurxs ri w|sh ^G`/ zh fdq fkrrvh
l�E%c +c 5� ' f/ � ' �c 2c � � � c ,�
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Frqfhuqlqj wkh ixqfwlrqv )�E%c +� wkdw rffxu lq w|shv ^E` dqg ^F`/ Dpdogl
ghulyhg vrph wkhruhpv rq gl�huhqwldo v|vwhpv zlwk frqvwdqw frh!flhqwv iru
odwhu xvh/ frpsduh sdjhv 5:<05;5 lq ^4`1
Wkhruhp Li dq �0glphqvlrqdo olqhdu uhdo ixqfwlrq vsdfh 7� ri ixqfwlrqv ri
% dqg + lv wudqviruphg lqwr lwvhoi e| wkh rshudwlrqv Y%c Y+/ lw lv srvvleoh wr
fkrrvh d ixqgdphqwdo edvlv lq 7�/ pdgh xs ri d �qlwh qxpehu ri jurxsv ri
ixqfwlrqv ri wkh irup

e@%nK+%6+?/ ? ' fc � � � c o 6 ' fc � � � c �� n � � �n �o3?n��
Wzr jurxsv duh glvwlqjxlvkhg e| dw ohdvw rqh ri wkh frqvwdqwv @/ K/ dqg lq
jhqhudo dovr e| wkh pd{lpdo ydoxhv ri wkh h{srqhqwv 6/ ?1
Fruroodu| Li dq �0glphqvlrqdo olqhdu uhdo ixqfwlrq vsdfh 7� ri ixqfwlrqv ri
% dqg + lv wudqviruphg lqwr lwvhoi e| wkh rshudwlrqv %Y%c +Y+/ lw lv srvvleoh wr
fkrrvh d ixqgdphqwdo edvlv lq 7�/ pdgh xs ri d �qlwh qxpehu ri jurxsv ri
ixqfwlrqv ri wkh irup

%@+K *L} %6 *L} +?/ ? ' fc � � � c o/ 6 ' fc � � � c �� n � � �n �o3?n��
Wzr jurxsv duh glvwlqjxlvkhg e| dw ohdvw rqh ri wkh frqvwdqwv @/ K/ zklfk
duh urrwv ri wkh uhvshfwlyh ixqgdphqwdo htxdwlrqv ri %Y%c +Y+ lq 7�/ dqg lq
jhqhudo dovr e| wkh pd{lpdo ydoxhv ri wkh h{srqhqwv 6/ ?1

61814 Dpdoglv Lpsulplwlyh Sodqh Jurxsv
Dpdoglv olvwlqj ri wkh lpsulplwlyh jurxsv ri wkh sodqh grhv qrw vwulfwo| iroorz
Olh*v fodvvl�fdwlrq jlyhq lq Vhfwlrq 6151 Qrw frqvlghulqj wkh vwuxfwxuh ri
lqyduldqw �ehuv ri fxuyhv/ dq| sdudphwhu lv jlyhq iuhh yduldelolw|1 E| wklv/
wkh qxpehu ri jurxsv lv uhgxfhg wr wkh plqlpxp1 Lq dgglwlrq/ wkh rughu
lq zklfk wkh jurxsv duh olvwhg kdv ehhq fkrvhq wr vkruwhq wkh fdofxodwlrqv/
zklfk duh lqhylwdeo| orqj dqg kdug dq|zd|1 Zkhuh lw zdv srvvleoh/ dq| jurxs
C, lv iroorzhg e| wkh plqlpdo jurxs C,n| lq zklfk lw lv frqwdlqhg1 Wklv kdv
wkh iroorzlqj dgydqwdjh= vxssrvh wkh fruuhvsrqglqj vsdfh jurxsv iru C, duh
douhdg| nqrzq1 Li

f�c � � � c f|

duh wkh jhqhudwruv wkdw pxvw eh dgghg wr C, wr rewdlq C,n|/ wkhq e| dgglqj
f� n l�E%c +c 5�Y5/ � ' �c 2c � � � c |
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wr wkh fruuhvsrqglqj dqg douhdg| fdofxodwhg vsdfh jurxsv ri C,/ zh uhgxfh
wkh fdofxodwlrqv iru C,n| wr wkh fdofxodwlrqv ri wkh uhpdlqlqj ixqfwlrqv l�1Iroorzlqj wkhvh frqvlghudwlrqv/ wkh iroorzlqj olvwlqj ri jurxsv lv rewdlqhg1
�T� G iE%�Y+�r�'fc Y%c %Y% n S+Y+j/ r � �/ vl}h= rn ��
�T2 G iE%�Y+�r�'fc Y%c }c }%j/ r � �c } G' %2Y% n r%+Y+/ vl}h= rn e�
�T� G iE%�Y+�r3��'f c Y%c %Y% n Er+ n %r�Y+jc r � �/ vl}h= rn 2�
�Te G iE%�Y+�r�'fc +Y+c Y%c %Y%j/ r � �/ vl}h= rn e1
�TD G iE%�Y+�r�'fc +Y+c E%�Y% n d� ' 2or%+Y+�2�'fj/ r � �/ vl}h= rn D�
�TS G i+Y+c E%�Y% n d� ' 2o%+Y+�2�'fj�
�T. G iY%c }c }%jc } G' %2Y% n %+Y+�
�TH G iE%�Y% n +�Y+�2�'fj�
�Tb G iY+j�
�T�f G iY+c +Y+j�
�T�� G iY%c Y+j�
�T�2 G iY+c %Y% n +Y+j�
�T�� G iY+c +Y+c Y%j�
�T�e G iE+�Y+�2�'fj�
�T�D G iE+�Y+�2�'fc Y%j�
�T�S G iE+�Y+�2�'fc Y%c %Y%j�
�T�. G iE+�Y+�2�'fc E%�Y%�2�'fj�
�T�H G iY+c %Y+c E[�E%�Y+�r�'�j/ r � f/ vl}h= rn 2�
�T�b G iY+c %Y+c E[�E%�Y+�r�'�c +Y+j/ r � f/ vl}h= rn ��
�T2f G iE%�e@�%Y+��<Wr��<, c Y%j/ @� 5 ifc �jc , nS r� � 2/ vl}h= � n , nS,

�'� r��
�T2� G iE%�e@�%Y+�@f'fc @�'�

�<W,c �<Wr�c +Y+c Y%j/ , � fc ,nS r� � f/ vl}h= 2n ,nS,
�'� r��
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61815 H{dpsoh Fdofxodwlrqv
Zh ghprqvwudwh wkh fdofxodwlrq ri wkh vsdfh jurxsv ri w|sh ^D` fruuhvsrqglqj
wr �T�/ ghqrwhg e| �T�c�1 Wklv vsdfh jurxs zloo eh ri wkh irup

iY+ n kfY5c %Y+ n k�Y5c � � � c %rY+ n krY5c Y% n qfY5c %Y% n S+Y+ n q�Y5jc
zkhuh k� ' k�E%c +c 5�c q� ' q�E%c +c 5� iru � ' fc � � � c r dqg � ' fc �1 Frqvlg0
hulqj wkh frppxwdwru

dY% n qfY5c Y+ n kfY5o ' EYkf
Y% n qf

Ykf
Y5 � Yqf

Y+ � kf
Yqf
Y5 �Y5c

zh frqfoxgh wkdw
Ykf
Y% n qf

Ykf
Y5 � Yqf

Y+ � kf
Yqf
Y5 ' f�

Wklv lv wkh frqglwlrq vxfk wkdw wkh wzr olqhdu htxdwlrqv
Yl
Y+ n kf

Yl
Y5 ' fc Yl

Y% n qf
Yl
Y5 ' f

irup d frpsohwh v|vwhp> wkh frpprq vroxwlrq l lv jxdudqwhhg wr ghshqg rq
5 +frpsduh ^:`/ sdjh <4�,1 Fkrrvlqj wklv ixqfwlrq l dv qhz 5/ wkh jhqhudwruv
Y% n qfY5c Y+ n kfY5 duh uhgxfhg wr Y%c Y+/ uhvshfwlyho|/ zkloh wkh uhpdlqlqj
jhqhudwruv gr qrw fkdqjh wkhlu qdwxuh1 Vr zh dvvxph �T�c� wr eh ri wkh irup

iY+c %Y+ n k�Y5c � � � c %rY+ n krY5c Y%c %Y% n S+Y+ n q�Y5j�
E| frqvlghulqj wkh frppxwdwruv

dY%c %Y% n S+Y+ n q�Y5o ' Y% n Yq�
Y% Y5c

dY+c %Y% n S+Y+ n q�Y5o ' SY+ n Yq�
Y+ Y5

zh frqfoxgh wkdw q� ' q�E5�1 Iurp
dY%c %�Y+ n k�Y5o ' �%�3�Y+ n Yk�

Y% Y5/ dY+c %�Y+ n k�Y5o ' Yk�
Y+ Y5

zh frqfoxgh wkdw
k� ' k�E%c 5�/ Yk�

Y% ' �k�3�/ � ' �c � � � c r1
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Ohw qrz | � r eh vxfk wkdw kf ' k� ' � � � ' k|3� ' fc k| 9' f1 Wkhq
k| ' k|E5� dqg zh fdq uhgxfh k| wr � e| fkrrvlqj U _5

k| dv qhz 51 Iurp

d%|Y+ n Y5c %Y% n S+Y+ n q�Y5o ' ES� |�%|Y+ n Yq�
Y5 Y5

zh kdyh wkdw q� ' ES� |�5 n K�1
Fdvh S 9' |= zh fkrrvh 5 n K�S3| dv qhz 5 dqg wkhuhe| uhgxfh K� wr f1 Dv
deryh/ e| frqvlghulqj

d%�Y+ n k�Y5c %Y% n S+Y+ n ES� |�5Y5o
zh frqfoxgh wkdw %_k�_% ' E� � |�k�1 Wrjhwkhu zlwk _k�_% ' �k�3� wklv lpsolhv
�%k�3� ' E�� |�k�� Khqfh zh jhw
�T��c� G iY+c %Y+c � � � c %|3�Y+c %|Y+ n �|

|
�%fY5c %|n�Y+ n �|n�

|
�%�Y5c � � � c

%rY+ n �r
|
�%r3|Y5c Y%c %Y% n S+Y+ n ES� |�5Y5j/ � � | � r1

Fdvh S ' |= lq wklv fdvh zh kdyh q� ' SJ?r|�/ dqg khqfh
�T2�c� G iY+c %Y+c � � � c %|3�Y+c %|Y+ n �|

|
�%fY5c %|n�Y+ n �|n�

|
�%�Y5c � � � c

%rY+ n �r
|
�%r3|Y5c Y%c %Y% n |+Y+ n SY5j/ � � | � r1

Dv dq dgglwlrqdo h{dpsoh zh frqvlghu wkh fdofxodwlrq ri �TDc�/ d vsdfh
jurxs zkhuh Dpdoglv fdofxodwlrq zdv voljkwo| huurqhrxv1 Iluvw ri doo zh qrwh
wkdw �Te dqg �TD gl�hu rqo| e| wkh dgglwlrqdo jhqhudwru %2Y% n r%+Y+=

�Tedro ' iY+c %Y+c � � � c %rY+c +Y+c Y%c %Y%jc
�TDdro ' iY+c %Y+c � � � c %rY+c +Y+c Y%c %Y%c %2Y% n r%+Y+j�

Ixuwkhupruh/ zh vxssrvh wr douhdg| nqrz wkh fruuhvsrqglqj vsdfh jurxs wr
�Te ri w|sh ^D`=

�Tec�drc |o ' iY+c %Y+c � � � c %|3�Y+c %|Y+ n
�|
|
�
%fY5c %|n�Y+ n

�|n �
|

�
%�Y5c

� � � c %rY+ n
�r
|
�
%r3|Y5c Y%c +Y+ n 5Y5c %Y% � |5Y5j�
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Iroorzlqj wkh frpphqw lq wkh suhylrxv vxevhfwlrq/ rxu dqvdw} iru �TD lv ri
wkh irup
�TDc�drc |o ' iY+c %Y+c � � � c %|3�Y+c %|Y+ n

�|
|
�
%fY5c %|n�Y+ n

�|n �
|

�
%�Y5c � � �

%rY+ n
�r
|
�
%r3|Y5c Y%c +Y+ n 5Y5c %Y% � |5Y5c %2Y% n r%+Y+ n lE%c +c 5�Y5j�

E| frqvlghulqj
dY+c %2Y% n r%+Y+ n lE%c +c 5�Y5o ' r%Y% n l+Y5

zh frqfoxgh wkdw wkh fdvhv | : � duh qrw srvvleoh +wklv srlqw zdv ryhuorrnhg
e| Dpdogl, dqg wkdw l+ ' r/ l1h1 lE%c +c 5� ' r+ n 7lE%c 5�1 E| frqvlghulqj

dY%c %2Y% n r%+Y+ n Er+ n 7lE%c 5��Y5o ' 2%Y% n r+Y+ n 7l%Y5
zh frqfoxgh wkdw 7l% ' Er � 2�5c l1h1 7lE%c 5� ' Er � 2�%5 n lE5�� Ilqdoo|/ e|
frqvlghulqj

d%Y+ n Y5c %2Y% n r%+Y+ n Er+ n Er� 2�%5 n lE5��Y5o '
Er� ��%2Y+ n 2Er� ��%Y5 n l5Y5

zh frqfoxgh wkdw l5 ' fc l1h1 lE5� ' �c z1o1r1j1 lE5� ' f1 Khqfh zh duulyh dw
�TDc�dro ' iY%c Y+c %Y+ n Y5c %2Y+ n 2%Y5c � � � c %rY+ n r%r3�Y5c
%Y% � 5Y5c +Y+ n 5Y5c %2Y% n r%+Y+ n Er+ n Er� 2�%5�Y5j�

61816 Dpdoglv Jurxsv ri W|sh D
Zh uhfdoo wkdw wkh ?0wk Dpdogl vsdfh jurxs+v, ri w|sh D/ ghqrwhg e| �T?c�zlwk rswlrqdo dgglwlrqdo lqglfhv/ lv2duh uhsuhvhqwhg e| jhqhudwruv ri wkh irup

1�E%�Y% n #�E%c +�Y+ n l�E%c +c 5�Y5/ � ' �c 2c � � � c ,/
zkhuh
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�<W, jc � G' 6f n r,(
} G' %2Y% n r%+Y+ n �%5Y5/ vl}h= S n , n rn6fE, n �� n r,E, n ��*2�

�T�c� G iY%c E%�Y+�r3��'f c %Y% n Er+ n %r�Y+c 5Y5c E%6+,3�Y5�6<W6�
�<W, j/

6�n� � 6� n r/ vl}h= e n , n rnS,
�'f6� �

�Tec� G iE%�Y+�r�'fc +Y+c Y%c %Y%c 5Y5c E%6+,3�Y5�6<W6�
�<W, j/

6�n� � 6� n r/ vl}h= S n , n rnS,
�'f6� �

�TDc� G iE%�Y+�r�'fc +Y+c Y%c %Y%c }c 5Y5c E%6+,3�Y5�6<W6fnr�
�<W, jc

} dv lq �T2c� / vl}h= . n , n rn6fE, n �� n r,E, n ��*21
�TSc� G iY%c +Y+c %Y%c %2Y% n %+Y+ n S%5Y5c 5Y5c E%6+S36�Y5�6<W6�

�<W, j/
6�n� : 6�/ vl}h= S n , nS,

�'f6��
�T.c� G iY%c }c }%c 5Y5c E%,+3?Y5�?',c��� c6

,<W6 jc
} G' %2Y% n %+Y+/ vl}h= 62*2 n �6*2 n D1

�THc� G iE%�Y% n +�Y+ n d� ' 2o6%5Y5�2�'fc 5Y5c E%�Y5��<W6jc
6 � f/ vl}h= 6n D�

�Tbc� G iY+c 5Y5c E[�c,E%�+6eS�+Y5�,<,�c6
�<rc 6<W6�j/

,�c6� � ,�c6�3� � � � � � ,�cf/ vl}h= 2 nS6<W6�
�<r ,�c6�
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�T�fc� G iY+c +Y+c 5Y5c E[�E%�+�Y5��<,��<W6j/
,6 � ,63� � � � � � ,f/ vl}h= � nS6

�'f ,��
�T��c� G iY%c Y+c 5Y5c E%&+,e@6%nK6+Y5�,<W,6c&

6<Rc &<W&6jc
,6c&6 � ,6c&63� � � � � � ,6cf/ vl}h= � n RnSR

6'� &6 nS&<W&6
6<R ,6c&�

�T�2c� G iY+c %Y% n +Y+c 5Y5c E+,%@�E*L}� %�Y5��<W�,c�
,<W6c �<�,j/

�, � �,3� � � � � � �f/ �,c� � �,3�c� � � � � � �fc�/ vl}h= �nS6
,'f �,n

S�<�,,<W6 ��c,�
�T��c� G iY%c Y+c +Y+c 5Y5c E%�+�e@6%Y5��<W�6c�

6<rc �<W�6jc
�6c� � �6c�n�/ vl}h= e n rnSr

6'� �6 nS�<W�6
6<r �6c��

�T�ec� G iY+c +Y+c +2Y+ n6+5Y5c 5Y5c E[�E%�+�Y5��<,
�<W6j/ vl}h= e n , n ,6�

�T�Dc� G iY%c Y+c +Y+c +2Y+ n R+5Y5c 5Y5c E%6+,e@�%Y5�6<W6��<&c ,<WRj/
vl}h= D n ERn ��S&

�'�6�1
�T�Sc� G iY%c %Y%c Y+c +Y+c +2Y+n ,+5Y5c 5Y5c E%�+�Y5��<W,

�<W6j/ vl}h1 .n ,n6n ,6�
�T�.c� G iY%c Y+c %Y%c +Y+c E�2Y� n ,�5Y5�E�c,�MtE%c6�cE+c?��c 5Y5c E%�+�Y5��<W?

�<W6j/
vl}h= H n6n ?n6?�

�T�Hc� G iY+c E[&E%�Y+�r&'fc 5Y5c E+�3�3S6&w�c�E%�
rT

&'f
[&E%�6&Y5�

Sr&'f 6&<W�
�<W,( �<�� jc

[f � %/ vl}h= � n rnS,
�'f ��

�rn�n2
�

�1
�T�bc� G i+Y+j ^ �T�Hc� c vdph sdudphwhu udqjhv/ vl}h= e n rnS,

�'f ��
�rn�n2

�
�1

�T2fc� G iE%6+,3S �&eES,c�nS �&@&�%Y5�6<W�,c�c�D6,c�nS �&r&
,<W|c �<^,c �Mtfc��� c,�^G 8�8�<W,/

Y%c 5Y5c E%�e@�%Y+��<Wr��<^ jc @� 5 ifc �jc ^ nS r� � 2/
vl}h= 2 n ^ nS^

�'� r� n
S|

,'f ^,
�,n^

^
�S^,�'�

S8�8�<W,
�Mtfc��� c,�^ �,c�c��

�T2�c� G iE%6+,3S �&eES,c�nS �&@&�%Y5�6<W�,c�c�D6,c�nS �&r&
,<W|c �<^,c �Mtfc��� c,�^n�GS^

&'f �&<W,c
Y%c +Y+c 5Y5c E%�e@�%Y+��<Wr��<W^ j/ @f ' fc @� ' �c ^ � fc ^ nS r� � f/
vl}h= e n ^ nS^

�'f r� n
S|

,'f ^,
�,n^n�

^n�
�S^,�'�

S8�8�<W,
�Mtfc��� c,�^n� �,c�c��
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61819 Dpdoglv Jurxsv ri W|sh G
Zh uhshdw wkdw wkh ?0wk Dpdogl vsdfh jurxs ri w|sh G/ ghqrwhg e| �T?c(/ lvuhsuhvhqwhg e| wkh jhqhudwruv ri wkh irup

1�E%�Y% n #�E%c +�Y+/ � ' �c 2c � � � c ,/
5�Y5/ � ' fc �c 2/

zkhuh
1�E%�Y% n #�E%c +�Y+/ � ' �c 2c � � � c ,

duh wkh jhqhudwruv ri wkh ?0wk Dpdogl sodqh jurxs/ dv olvwhg lq Vhfwlrq 61814
+�Dpdoglv Lpsulplwlyh Sodqh Jurxsv�,1
�T�c( G iE%�Y+�r�'fc Y%c %Y% n S+Y+c E5�Y5�2�'fj/ r � �/ vl}h= rn S�
�T2c( G iE%�Y+�r�'fc Y%c }c }%c E5�Y5�2�'fj/ r � �c } G' %2Y% n r%+Y+/ vl}h= rn .�
�T�c( G iE%�Y+�r3��'f c Y%c %Y% n Er+ n %r�Y+c E5�Y5�2�'fjc r � �/ vl}h= rn D�
�Tec( G iE%�Y+�r�'fc +Y+c Y%c %Y%c E5�Y5�2�'fj/ r � �c vl}h= rn .�
�TDc( G iE%�Y+�r�'fc +Y+c E%�Y% n d� ' 2or%+Y+�2�'fc E5�Y5�2�'fj/ r � �/ vl}h= rn H�
�TSc( G i+Y+c E%�Y% n d� ' 2o%+Y+�2�'fc E5�Y5�2�'fj�
�T.c( G iY%c }c }%c E5�Y5�2�'fjc } G' %2Y% n %+Y+�
�THc( G iE%�Y% n +�Y+�2�'fc E5�Y5�2�'fj�
�Tbc( G iY+c E5�Y5�2�'fj�
�T�fc( G iY+c +Y+c E5�Y5�2�'fj�
�T��c( G iY%c Y+c E5�Y5�2�'fj�
�T�2c( G iY+c %Y% n +Y+c E5�Y5�2�'fj�
�T��c( G iY+c +Y+c Y%c E5�Y5�2�'fj�
�T�ec( G iE+�Y+�2�'fc E5�Y5�2�'fj�
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�T�Dc( G iE+�Y+�2�'fc Y%c E5�Y5�2�'fj�
�T�Sc( G iE+�Y+�2�'fc Y%c %Y%c E5�Y5�2�'fj�
�T�.c( G iE+�Y+�2�'fc E%�Y%�2�'fc E5�Y5�2�'fj�
�T�Hc( G iY+c %Y+c E[�E%�Y+�r�'�c E5�Y5�2�'fj/ r � f/ vl}h= rn D�
�T�bc( G iY+c %Y+c E[�E%�Y+�r�'�c +Y+c E5�Y5�2�'fj/ r � fc vl}h= rn S�
�T2fc( G iE%�e@�%Y+��<Wr��<, c Y%c E5�Y5�2�'fj/ @� 5 ifc �jc , � �c S r� n , � 2c

vl}h= e n , nS,
�'� r��

�T2�c( G iE%�Y+�r�'fc E%�e@�%Y+��<Wr��<, c +Y+c Y%c E5�Y5�2�'fjc
@� ' fc , � fc S r� n rn , � �c vl}h= S n , n rnS,

�'� r��
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Fkdswhu 7
Gl�huhqwldo Lqyduldqwv ri Rughu
Wzr
Lq wklv fkdswhu/ zh olvw gl�huhqwldo lqyduldqwv ri rughu wzr ri pdq| ri wkh
srlqw wudqvirupdwlrq jurxsv olvwhg lq Fkdswhu 6 +�Wkh Vsdfh Srlqw Jurxsv�,1
Wkhvh lqyduldqwv ri rughu wzr zhuh rewdlqhg e| �uvw surorqjdwlqj wkh fru0
uhvsrqglqj jhqhudwruv wr rughu wzr dv ghvfulehg lq Vxevhfwlrq 51514 +�H{0
whqghg Lq�qlwhvlpdo Wudqvirupdwlrqv�,1 Wkh| irup d ixqgdphqwdo v|vwhp
iru wkh fruuhvsrqglqj v|vwhp ri gl�huhqwldo lqyduldqwv/ zklfk lv rewdlqhg e|
lqwhusuhwlqj wkh surorqjdwlrqv dv d v|vwhp ri olqhdu SGHv lq wkh yduldeohv
%c +c 5c 5%c 5+c 5%%c 5%+c 5++1 Wklv v|vwhp zdv xvxdoo| vroyhg e| lwhudwhg qduurz0
lqj wudqvirupdwlrqv dv ghvfulehg lq Vxevhfwlrq 51515 +�Vroylqj V|vwhpv ri
Olqhdu Krprjhqhrxv SGHv�,1

Lq wklv fkdswhu zh wuhdw doo fodvvhv ri vsdfh jurxsv h{fhsw Dpdoglv jurxsv
ri w|sh E1 Doo jurxsv frqvlghuhg kdyh ohvv wkdq hljkw sdudphwhuv1 Wkrvh
jurxsv duh jxdudqwhhg wr kdyh lqyduldqw edvhv1 Wkh qh{w fkdswhu ghdov zlwk
jurxsv wkdw kdyh pruh wkdq vhyhq sdudphwhuv1

Lq Vhfwlrq 714 +�Lqyduldqwv ri Olh*v Sodqh Jurxsv�,/ zh suhvhqw Olh*v uh0
vxowv frqfhuqlqj wkh jurxsv ri wkh sodqh1 Lq Vhfwlrq 715 +�Gh�qlwlrq ri Vxeh{0
suhvvlrqv�, zh gh�qh h{suhvvlrqv wkdw vlpsoli| dqg vkruwhq wkh suhvhqwdwlrq
ri wkh lqyduldqw olvw1 Ilqdoo|/ lq Vhfwlrq 716 +�Olvw ri Lqyduldqwv Dffruglqj
wr Ghulyhg Vhulhv�, wkh frpsohwh olvw ri lqyduldqwv vruwhg oh{lfrjudsklfdoo|
dffruglqj wr wkhlu ghulyhg vhulhv lv suhvhqwhg1
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714 Lqyduldqwv ri wkh Jurxsv ri wkh Sodqh
Zh suhvhqw Olh*v uhvxowv rq gl�huhqwldo lqyduldqwv iru wkh jurxsv ri wkh %c +0
sodqh zlwk + ghshqglqj rq %1 Iru hdfk sodqh jurxs/ zh jlyh wkh wzr orzhvw
lqyduldqwv x� dqg x21 Wkh kljkhu rughu rqhv pd| wkhq eh rewdlqhg uhfxuvlyho|
e| gl�huhqwldwlrq dffruglqj wr

x� ' x��3�
x��

/ � � �� +714,

Wkh orzhu htxdwlrqv ri wkh jurxs duh ixqfwlrqv ri wkh luuhgxfleoh idfwruv ri
wkh ghwhuplqdqw

{ '

���������
1� #� lE��� lEo32�

�
12 #2 lE��2 lEo32�

2111 111 111 111
1o #o lE��o lEo32�o

��������� �
Lq ydulrxv fdvhv/ wkh deeuhyldwlrq � ' +���

+� � �
2E+��+� �2 iru wkh Vfkzdu}ldq ghulyd0

wlyh lv xvhg1 Wklv olvwlqj lv wdnhq iurp ^43`/ lw edvlfdoo| fruuhvsrqgv wr wkh
olvwlqj jlyhq e| Olh ^9`/ zlwk vrph plqru lpsuryhphqwv lqfoxghg1

}�= xE��
� ' E�+��+Ee�3D+���2��

+��H / xE��
2 ' �+��2+ED�3�D+��+���+Ee�nef

� +����
+��e / {E�� ' b+����

}2= xE2�
� ' E�+��2+ED�3�D+��+���+Ee�nef

� +�����2
E�+��+Ee�3D+���2�� /

xE2�
2 ' �+���+ES�32�+��2+���+ED�n�D+��+���2+Ee�3 �D

� +���e
E�+��+Ee�3D+���2�2 /

{E2� ' 2+��2ED+���2 � �+��+Ee���

}�= xE��
� ' ��

4HD / xE��
2 ' �

4�D / {E�� ' �2+��Eb+��2+ED� � eD+��+���+Ee� n ef+�����2/
zkhuh
4e ' �+��+Ee� � e+����/ 4D ' �+��2+ED� � �D+��+���+Ee� n ef

� +����/
4S ' �+��2+ES� � 2e+��2+���+ED� n Sf+��+���2+Ee� � ef+���e/
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4. ' b+��e+E.�� �fD+���+���+ES�ne2f+��2+���2+ED�� .fff+��+����+Ee�n ��2f
� +���D/

4H ' 2.+��D+EH��eH+���4.�Hef+���24S�22ef+����4D�2Hff+���e4e� 22ef
� +���S/

� ' 24D4. � �D4e42D � .E4S � D
�42e�2/

� ' 4DE4H� He4e4Sn 2eD
� 4�e�� �2E4.� �D

2 4e4D�E4S� D
�42e�n 2H

4D E4S� D
�42e���

}e= xEe�
� ' %/ xEe�

2 ' +��
+� / xEe�

� ' +���
+� / {Ee� ' f�

}D= xED�
� ' +��

+� / xED�
2 ' +���

+� / {ED� ' +��

}S= xES�
� ' +�+���

+��2 / xES�
2 ' +�2+Ee�

+��� / {ES� ' �+�+���

}.= xE.�
� ' +��S3�

+�S32 / xE.�
2 ' +���S3�

+�S3� / {E.� ' ES� ��+�/ S 9' ��

}H= xEH�
� ' %/ xEH�

2 ' �/ {EH� ' f�

}b= xEb�
� ' �/ xEb�

2 ' ��/ {Eb� ' 2+���

}�f= xE�f�
� ' EE%3+�+��n2+�E+�n���2

+�� / xE�f�
2 ' E%3+�2+���nSE%3+�E+�n��+��

+�2 n SE+�2ne+�n��
+� /

{E�f� ' 2E+ � %�2+��

}��= xE���
� ' ��2

�� / xE���
2 ' ���

�� / {E��� ' e+�2E+�+��� � �
2+��2��

}�2= xE�2�
� ' e����3D��2

�� / xE�2�
2 ' Ee�2����3�H������n�D����2

�b /
{E�2� ' e+�2E+�+��� � �

2+��2�1

}��= xE���
� ' +��+�/ xE���

2 ' +���+D n �+��+�+e/ {E��� ' +2�

8:



}�e= xE�e�
� ' E++���n�+�+���2

++��� / xE�e�
2 ' �++��+Ee�3e++���2

++��� / {E�e� ' 2+2+���

}�D= xE�D�
� ' %/ xE�D�

2 ' (/ {E�D� ' f/ zkhuh

( '

���������
x��� x���� � � � xEon2�

�111 111 111
x��o x���� � � � xEon2�o
+�� +��� � � � +Eon2�

��������� �
}�S= xE�S�

� ' %/ xE�S�
2 ' E*L}(��/ {E�S� ' f/ ( dv lq }�D1

}�.= xE�.�
� ' Sf+ n S�+� n � � �n So+Eo�/ xE�.�

2 ' ExE�.�
� ���

}�H= xE�H�
� ' (�( / xE�H�

2 ' (2( / zlwk (/(�/ dqg (2 dv deryh/ li wkh surshu
ydoxhv iru wkh x& duh vxevwlwxwhg1 Wkh lqyduldqwv duh ri rughu ,nS 4&n�
dqg , nS 4& n 2 uhvshfwlyho|1

}�b= Iru S duelwudu|= {E�b� ' ES� o�+Eo��
Iru S 9' o= xE�b�

� ' +Eon��S3o

+oS3o3� / xE�b�
2 ' +Eon2�S3o

+oS3o32 �

Iru S ' o= xE�b�
� ' +Eo�/ xE�b�

2 ' +Eon2�
+Eon��2 �

}2f= xE2f�
� ' +Eon��e+Eo�*o-/ xE2f�

2 ' +Eon2�e2+Eo�*o-/ {E2f� ' To
&'� &-�

}2�= xE2��
� ' +Eo�+Eon2�

+Eon��2 / xE2��
2 ' +Eo�2+Eon��

+Eon��� / {E2�� ' +Eo�+Eon���

}22= xE22�
� ' �on��

+Eo�2Eon�� / xE22�
2 ' �on�2

+Eo��Eon�� / {E22� ' +Eo�2/ zkhuh
�� ' Eo n ��+Eo�+Eon2� � Eo n 2�Eon��2/
�2 ' Eo n ��2+Eo�2+Eon�� � �Eo n ��Eo n ��+Eo�+Eon��+Eon2�n

8;



n2Eo n 2�Eo n ��+Eon����

}2�= xE2��
� ' �22��� / xE2��

2 ' ���2� / {E2�� ' +Eo�EEo n 2�+Eon��2 � Eo n ��+Eo�+Eon2��/
zkhuh �� dqg �2 duh dv lq }22 dqg
�� ' Eo n ���+Eo��+Eone� � eEo n ��2Eo n e�+Eo�2+Eon��+Eon��n

nSEo n ��Eo n ��Eo n e�+Eo�+Eon��2+Eon2��
��Eo n 2�Eo n ��Eo n e�+Eon��e �

}2e= xE2e�
� ' +�/ xE2e�

2 ' +���
+��2 / {E2e� ' f�

}2D= xE2D�
� ' +�/ xE2D�

2 ' %+��/ {E2D� ' �%�

}2S= xE2S�
63�E+�c +��c � � � c +E6�� iru 6 � 2/ {E2S� ' ��

}2.= xE2.�
63�E%c +�c +��c � � � c +E6�� iru 6 � �/ {E2.� qrw gh�qhg1

715 Gh�qlwlrq ri Vxeh{suhvvlrqv
Lq rughu wr jlyh d frpsdfw suhvhqwdwlrq ri wkh lqyduldqw olvw/ zh gh�qh wkh
iroorzlqj h{suhvvlrqv iru hdfk fodvv ri jurxsv1 Wkhlu rughu lv pdlqo| ghwhu0
plqhg e| wkhlu dsshdudqfh lq wkh lqyduldqw olvw1 Iru h{dpsoh li M� frqwdlqv
d vxeh{suhvvlrq/ wkdw dsshduv dv M� dw vrph rwkhu sodfh lq wkh vxeh{suhv0
vlrq olvw iru w|sh D/ zh uhihu wr M� lq rughu wr vkruwhq wkh suhvhqwdwlrq +h1j1
M2 G' M�D*52+,1 Wkh uhfxuvlrq ghswk khuhe| xvxdoo| lv rqh/ lq d ihz fdvhv lw
lv wzr1

Zh xvh wkh frqyhqwlrq wkdw iuhh yduldeohv lq wkh vxeh{suhvvlrq 7 pdwfk
wkh sdudphwhuv ri wkh jurxs C/ lq fdvh wkdw 7 dsshduv lq wkh lqyduldqwv ri C1
H{dpsoh= Dq hqwu| lq wkh lqyduldqw olvw ri wkh irup �TSc� d4 ' d�oo= U2b/
zkhuh U2b lv gh�qhg lq wkh vxeh{suhvvlrq olvw dv
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U2b G' +25++ � S25 n E26f n ��S5 �6fE6f n ��5
+5+ � S5 n6f5

lqglfdwhv wkdw
+25++ � S25 n �S5 � 25

+5+ � S5 n 5
lv d gl�huhqwldo lqyduldqw ri �TSc� d4 ' d�oo1 Qrwh wkdw6f ' � vlqfh4 ' d6fo1

71514 Vxeh{suhvvlrqv iru Olh*v Vsdfh Jurxsv
Iru Olh*v sulplwlyh jurxsv zh gh�qh

8� G' � n 52% n 52+ c 82 G' 52%+ � 5%%5++c 8� G' 52%5++ n 52+5%% � 25%5+5%+�
Iru Olh*v lpsulplwlyh jurxsv zh gh�qh

C� G' 5% n 55+c C2 G' 52%+ � 5%%5++c C2c� G' C2 � 5%+c
C� G' 52%5++ n 52+5%% � 25%5+5%+c

C�c� G' C� n 5%5+ n +E25+5%+ � 25%5++ � 5+� n +25++c
Ce G' 5%5%+ � 5+5%% n 5E5%5++ � 5+5%+�c
CD G' 5%% n 525++ � 25%5+ n 25E5%+ � 52+��
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71515 Vxeh{suhvvlrqv iru Jurxsv ri W|sh D
M� G' EMeH�@'�nS*|c M2 G' M�D*52+ c M� G' 5S32+ M�ec Me G' 5S3�+ M�Hc
MD G' 5|*ES3|�5+c MS G' 5ESn|�*ES3|�5++c M. G' 5E|n��*ES3|�M2b*5+c
MH G' M2b*5E2|n��*|+ c Mb G' 52%5++ n 52+5%% � 25%5+5%+c
M�f G' 5++E%5% n 255+�� 52%+c M�� G' EMeH�@'2c M�2 G' SM�� nM�e*5+c
M�� G' EM�b�@'�c M�e G' M�H*52+ n SM��EM�b�@'2c M�D G' 5+EMD��@'|c
M�S G' 5++EMD��@'2|c M�. G' M2bEMD��@'|n�*5+c M�H G' 5%% n 255%+ n 525++c
M�b G' M2b*52n�*|+ c M2f G' E5%%5++ � 52%+�*E5+5++� n 25 n SM��c
M2� G' ErM�D n 52+�*5e*Er32�++ c M22 G' M2.*5D*E2rn��++ c
M2� G' 5Er3��2*tEr3��2n��EMef�@'3�*5E2rn2�*Ern2�+ c
M2e G' EeS52M2b n EMef�@'2rn��*E5Er3��*r5Eb3r2�*Ee3r�+ �c
M2D G' iHS52E2S5Mb nM2b� n EMef�@'�j*5e+ c M2S G' EMeH�@'Ern|�*|c
M2. G' M�H n ED� r2�5+M�ec M2H G' M�e n 2M��c M2b G' 5%5++ � 5+5%+c
M�f G' E|M2b n r5++M���*5Ern|�*|+ c M�� G' 5++E5%%5++ � 52%+� n 255+ n SM��c
M�2 G' iSM��E�5++ n 2M2b� n eE52%5++ n 52+5%%� n HE55�+ � 5%5+5%+�j*5�*2+ c
M�� G' *L}E5+�c M�e G' 5% n 55+c M�D G' 5%+ n 55++c M�S G' ES5% n 55+�Me.c
M�. G' ES25%% n 525++ n 2S55%+�Me.c
M�H G' Me.E5%% n 255+*S� 2s5%+ n s25++�s'5%*5+ c
M�b G' ES5++M�� n @M�D�*52+ c Mef G' 55++ n @52+ c Me� G' 5M��c
Me2 G' MbEMeH�@'2rn�c Me� G' M�HEMeH�@'ec Mee G' M�eEMeH�@'�c
MeD G' i5++E5%% n 255+�� 52%+j*5�+ c MeS G' 52+ n rM�Dc Me. G' EMD��@'2c
MeH G' 5++*5@+ c Meb G' +5+c MDf G' +25++c MD� G' i TE@5*S�c
MD2 G' �+M2b � E� n 2@�5%5+c MD� G' 25 n +5+c
MDe G' e+5E5+5%% � 5%5%+� n 25E255%% � �52%�c MDD G' 5 n %5%c
MDS G' 252% � 55%%c MD. G' � n S5+c MDH G' S55%+ � 25%MD.c
MDb G' S2EMef�@'32 � SS5+ � ec MSf G' 5S3�% E55%+ � 5%5+�*5Sc
MS� G' E5%*5�2SEMef�@'3�*2c MS2 G' 2SE55%%*52% � �� n �c
MS� G' )�2E%�i5++E5%% n 55+[���E%��� 52%+j ��M2bi)��2E%� n 5+E[���E%�)2E%��[��2E%��*)�2E%�jc
MSe G' Mb n 55�+[���E%�c MSD G' 52+ n 25%+c MSS G' *L}EEMeH�@'2��
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71516 Vxeh{suhvvlrqv iru Jurxsv ri W|sh F
U� G' 5%*5+c U2 G' 5%%*5%c U� G' 5%+*5%c Ue G' 5++*5%c UD G' 5%%*5+c
US G' 5%+*5+c U. G' 5++*5+c UH G' 5%%5++*52%+c Ub G' 5%5++ � 5+5%+c
U�f G' 52%5++ n 52+5%% � 25%5+5%+c U�� G' 5%%5++ � 52%+c U�2 G' 5%+*5%%c
U�� G' 5++*5%%c U�e G' 5%+*5++c U�D G' e3+*U�c U�S G' eE@3��+U�c
U�. G' U�*E5@3�+ eU��c U�H G' U�e � *L}EU.�c U�b G' E5%% � �5%+�*E5+e��c zkhuh
� G' sEU�eeU�e�c s dqdo|wlf dw f zlwk sE%�esE%� � % E�Odpehuw zdyhi1���
U2f G' Ub*E52+U�*r. �c U2� G' U�*E5�36f+ U6f. �� *L}EU.�c U22 G' �*EU�2U�e�c
U2� G' 5%5+ n +Ubc U2e G' E25+ n +5++�*+c U2D G' 52% � +2U�� n 2+U�fc
U2S G' EUEfcf�2.c%c%cf��*�c UE_ce�2.c@cKcS G' iE%� +�5@K n S5+j*E5_%5e+�c
U2H G' E%� +�iE%� +�5%+5++ � 5+E25%+ n65++�j*52+ c
U2b G' E+25++ � S25 n E26f n ��S5 �6fE6f n ��5�*E+5+ � S5 n6f5�c
U�f G' 5%5%+ � 5+5%%c � G' +2U�f n 2S+5U�f n SE�� S�552% n ES5�25%%c
� G' +Ub n E�� S�5%5+ n S55%+c U�� G' �ES5 � +5+�*E+��2c

6n G' 6� n6fc 63 G' 6� �6fc 6W G' 6�6fc E6n� G' 6�E6� n ���2�'�c
�� G' 63ES2 � S6n n6W�c �2 G' 6n� �6nf � 263Sc
U�2 G' +2S36n3�d��5 n�2+5+ n63+25++oc
U�� G' +23S5%%U�2 n E2S� S2 � ��+S3252% n 2ES� ��+S3�5%5%+ � +S52%+c
U�e G' S�5 � 5+c U�D G' S2�5 � 5++c U�SE��c �2c 8�c 82� G' ��82 � �28�c
U�. G' U�SE5c 5%c[�c�E%�c[��c�E%��c U�H G' U�SES�5c 5%+c[�c�E%�c[��c�E%��c
U�b G' U�SE5c 5%%c[�c�E%�c[���c�E%��c Uef G' S�5% � 5%+c Ue�E8�c 82� G'

G' _i|
3C57 5 8� 82

5% 8 �� 8 �25%% 8 ��� 8 ��2

684D c Ue2 G' Ue�E[�c�E%�c[�c2E%��c

Ue� G' U�SE5+c 5%+c[�c�E%�c[��c�E%��c Uee G' S2�5 � 2S�5+ n 5++c
UeD G' S�U�. � Ue�c UeS G' U.*5+c Ue. G' U�SE5c 5%c[�E%�c[��E%��c
UeH G' U�SE5c 5%%c[�E%�c[���E%��c Ueb G' Ue�E[�E%�c[2E%��c
UDf G' U�SE5+c 5%+c[�E%�c[��E%��c UD� G' 55%+ � 5%5+c
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UD2 G' 52E655++ � E6� ��52+�*U2D�c UD� G' E@2�5 � 5%%�*USHc
UDe G' @2�5 � 2@�5% n 5%%c UDD G' E\ @��5 � E[ @��5% n 5%%c
UDS G' 5USbc UD. G' Ub*52+ c UDH G' U�f*E552+�c
UDb G' U�SE55++c Ubc wfc�E%�c wfc�E%���*52+ c lq USf qrwh wfc� ' wfc�E%�=
USf G' U�SEUbc U�fc w2fc�c 25wfc�w�fc�� n U�SE552+ c 525++c Ew�fc��2c wfc�w��fc��c

US� G' US2Ewfc�E%�c wfc2E%��c US2E8�c82� G' _i|
3C57 55++ 8� 82

Ub 8 �� 8 �2U�� 8 ��� 8 ��2

684D c

US� G' 5+*5c USe G' 5++*5c USD G' Ub*E55+�c USS G' UDHc qrwh wfc� ' wfc�E%�=
US. G' U�SEUbc U��c w2�c�c 2w�c�w��c�� n U�SE55++c 255++ � 52+ c Ew��c��2c w�c�w���c��c
USH G' @�5 � 5%c USb G' 5++*52+ c U.f G' USHUSbc U.� G' UDeUSbc
U.2 G' 5++USH*U2.�c U.� G' EU..��'�c U.e G' UDDUSbc
U.S G' 5++UDD*U2.�c U.S G' 5++UDe*U2.�c U.. G' @�5+ � 5%+c U.H G' @�5 � %5%c
U.b G' %5++*U.Hc UHf G' %25++*U.Hc UH� G' @�E�� @��5 n %25%%c
UH2 G' %USc UH� G' %U.c UHe G' %25%% n E�� 2@��%5% n @2�5c
UHD G' %25%% n E\ @��5 n E��[ @��%5%c UHS G' @�5+ � %5%+c
UH. G' %2@�3�5%% n E�� 2@��%2@�325% n @2�%2@�3�5�

( G' dd5c 5%c 5+c 5%%c 5%+c 5++oc d�c @�c K�c @2� c @�K�c K2� oD�'�oc
_a G' _i|Ed(�c� o�<?�'a �/ zkhuh a G' ��c � � � c �61

Iru �Tbc� dw ' ddE,�c6�6<W6� o�<roo zh gh�qh . dqg e dv
.Ew� G' dd5c 5%c 5+c 5%%c 5%+c 5++oc �oE2�E+6[�c,E%�eS�%Y5�,<,�c6

�<rc 6<W6� oc zkhuh
�oE2�E�� G' d+6[�c,c +6[��c,c6+63�[�c, n S�+6[�c,c +6[���c,c6+63�[��c, n

n S�+6[��c,c6E6� ��+632[�c, n 2S�6+63�[�c, n S2�+6[�c,oc
eaEw� G' RRE_i|Ed.�c�o�<&�'a �c d5c 5%c 5+c 5%%c 5%+c 5++o�/ zkhuh a G' ��c � � � c �&

dqg RRE�c d5c 5%c 5+c 5%%c 5%+c 5++o� ghqrwhv wkh sulplwlyh sduw ri d +olqhdu, sro|0
qrpldo lq d5c 5%c 5+c 5%%c 5%+c 5++o1
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71517 Vxeh{suhvvlrqv iru Jurxsv ri W|sh G
af G' 5+*5%c afc� G' 5%*5+c
a� G' 5%5%+ � 5+5%%/ a�c� G' a�*52%c a�c2 G' a�*E5%5+�c
a2 G' 5%5++ � 5+5%+/ a2c� G' a2*52+ c a2c2 G' a2*E5%5+�c a2c� G' +a2 n 5%5+c
a� G' 52%5++ � 52+5%%/ a�c� G' a�*5�%c a�c2 G' a�*E5%52+�c
ae G' 52%5++ n 52+5%% � 25%5+5%+c aec� G' ae*5�+ �

716 Olvw ri Gl�huhqwldo Lqyduldqw Edvhv
Khuh zh olvw wkh jurxsv/ uhsuhvhqwhg e| wkhlu Olh dojheudv dv xvxdo/ dqg wkhlu
lqyduldqwv dffruglqj wr wkh ghulyhg vhulhv ri wkh Olh dojheud1 Vlqfh ghulyhg
vhulhv duh lqyduldqw xqghu srlqw wudqvirupdwlrqv/ wklv olvwlqj vlpsol�hv wkh
lghqwl�fdwlrq ri d jlyhq jurxs1 Jurxsv zlwk wkh vdph ghulyhg vhulhv duh
rughuhg dffruglqj wr wkhlu w|sh/ wkhlu qxpehu dqg wkhlu sdudphwhuv1 Wkh
jhqhudwru olvwv duh rughuhg dffruglqj wr wkh frh!flhqwv ri Y%/ Y+/ Y51 Wkh
vfkhph ri suhvhqwdwlrq lv

	 jurxs lghqwl�hu : @ 	 jhqhudwruolvw : = 	 lqyduldqw edvlv : 1
Wkh qrwdwlrq iru ghulyhg vhulhv fdq eh irxqg lq Vhfwlrq 517 +�Edvlf Qrwlrqv
iru Olh Dojheudv�,1

71614 Jurxsv zlwk Vhyhq Jhqhudwruv
Ghulyhg Vhulhv E.�
�T2d, ' 2o ' i%Y+c %Y% � +Y+c +Y%c Y%c ~E5�Y%c Y+c ~E5�Y+j=

5c E~ �C2 � ~ ��C��*E~ �Ce*�
� ��

�T�2c�dr ' �o ' iY+c %Y+ n Y5c %2Y+ n 2%Y5c %�Y+ n �%2Y5c Y%c
2%Y% n �+Y+ n 5Y5c %2Y% n �%+Y+ n E%5 n �+�Y5j= M2��

�T22c�dr ' �o ' iY+c %Y+c %2Y+c %�Y+c Y%c 2%Y% n �+Y+ n 5Y5c
%2Y% n �%+Y+ n 5E%n S52�Y5j= M2�c M2e�

�TDc�dr ' 2o ' iY%c Y+c %Y+ n Y5c %2Y+ n 2%Y5c %Y% � 5Y5c +Y+ n 5Y5c
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%2Y% n 2%+Y+ n 2+Y5j= 5++M2.*MeS�
�TSc� d4 ' d�oo ' iY%c +Y+c %Y%c %2Y%n%+Y+nS%5Y5c 5Y5c +S3�Y5c %+S3�Y5j= U2b�
�THc� d6 ' 2o ' iY% n Y+c %Y% n +Y+c %2Y% n +2Y+ n 2%5Y5c 5Y5c Y5c %Y5c %2Y5j=

U2H�
�T�ec� d6 ' 2c , ' �o ' iY+c +Y+c +2Y+ n 2E+ � ��5Y5c 5Y5c E[�E%�+�Y5�2�'fj=

%c UeH�
�TSc( ' i+Y+c Y%c %Y%c %2Y% n %+Y+c Y5c 5Y5c 52Y5j= +5+ae*a22c��

Ghulyhg Vhulhv E.c S�
�T2e ' iY5c Y%c Y+n%Y5c %Y+n �

2%2Y5c %Y%�+Y+c +Y%n �
2+2Y5c %Y%n+Y+n25Y5j=

C2c��
�T2c� dr ' ? ' fc6f ' �o ' iY%c Y+c 2%Y%c %2Y% n %5Y5c 5Y5c Y5c %Y5j= U.�
�T�Dc� dR ' �c4 ' dfoo ' iY%c Y+c +Y+c +2Y+ n +5Y5c 5Y5c E+�e@�%Y5���'fj= UD��
�T2c(dr ' fo ' iY+c Y%c 2%Y%c %2Y%c Y5c 5Y5c 52Y5j= a2c2�
�T�Dc( ' iY%c Y+c +Y+c +2Y+c Y5c 5Y5c 52Y5j= a�c2�
Ghulyhg Vhulhv E.c Sc D�
�THd6 ' fo ' i%Y+c %Y% � +Y+c +Y%c Y5c @5Y5 n E%Y% n +Y+�c Y%c Y+j= C2*C

2@3e
�@3e� �

�T�Hd� ' fo ' i%Y+c %Y% � +Y+c +Y%c Y5c 5Y5c Y%c Y+j= C2*C2*�
� �

�T2c� dr ' �c6f ' ? ' fo ' iY%c Y+c %Y+c 2%Y% n +Y+c %2Y% n %+Y+c 5Y5c Y5j=
U�f*5�++1

�T.c� d6 ' �o ' iY%c 2%Y% n +Y+c %2Y% n %+Y+c 5Y5c Y5c �
+Y5c %+Y5j= U22e*U2D�

98



Ghulyhg Vhulhv E.c Sc ec ��
�T�c(dr ' �o ' iY+c %Y+c Y%c %Y% n S+Y+c Y5c 5Y5c 52Y5j= 5+E�a2c��Sae*a22 �
�T�c(dr ' 2o ' iY+c %Y+c Y%c %Y%nE2+n%2�Y+c Y5c 5Y5c 52Y5j= aec��2 *L}E�a2c���

Ghulyhg Vhulhv E.c Sc ec f�
�T��c�dr ' ec | ' �o ' iY%c Y+c %Y+ n Y5c %2Y+ n 2%Y5c %�Y+ n �%2Y5c

%eY+ n e%�Y5c %Y% n S+Y+ n ES� ��5Y5j= M�c M2�
�T��c�dr ' ec | ' 2o ' iY%c Y+c %Y+c %2Y+ n Y5c %�Y+ n �%Y5c

%eY+ n S%2Y5c %Y% n S+Y+ n ES� 2�5Y5j= M��
�T��c�dr ' ec | ' �o ' iY%c Y+c %Y+c %2Y+c %�Y+ n Y5c %eY+ n e%Y5c

%Y% n S+Y+ n ES� ��5Y5j= M��
�T��c�dr ' ec | ' eo ' iY%c Y+c %Y+c %2Y+c %�Y+c %eY+nY5c %Y%nS+Y+nES�e�5Y5j=
M�c MH�
�T��c�dr ' ec | ' Do ' iY%c Y+c %Y+c %2Y+c %�Y+c %eY+c %Y% n S+Y+ n ES� D�5Y5j=
MDc MSc M.�
�T2�c�dr ' ec | ' �o ' iY%c Y+c %Y+ n Y5c %2Y+ n 2%Y5c %�Y+ n �%2Y5c

%eY+ n e%�Y5c %Y% n +Y+ n SY5j= M��c M���
�T2�c�dr ' ec | ' 2o ' iY%c Y+c %Y+c %2Y+ n Y5c %�Y+ n �%Y5c

%eY+ n S%2Y5c %Y% n 2+Y+ n SY5j= M���
�T2�c�dr ' ec | ' �o ' iY%c Y+c %Y+c %2Y+c %�Y+nY5c %eY+ne%Y5c %Y%n�+Y+nSY5j=

M���
�T2�c�dr ' ec | : eo ' iY+c %Y+c %2Y+c %�Y+c %eY+c Y%c %Y% n |+Y+ n SY5j=

M�Dc M�Sc M�.�
�T��c�dr ' Dc | ' �o ' iY+c %Y+nY5c %2Y+n2%Y5c %�Y+n�%2Y5c %eY+ne%�Y5c Y%c

%Y% n ED+ n %D�Y+ n Ee5 n D%e�Y5j= M2c M2S�
�T��c�dr ' Dc | ' 2o ' iY+c %Y+c %2Y+ n Y5c %�Y+ n �%Y5c %eY+ n S%2Y5c Y%c
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%Y% n ED+ n %D�Y+ n E�5 n �f%��Y5j= M2S�
�T��c�dr ' Dc | ' �o ' iY+c %Y+c %2Y+c %�Y+ n Y5c %eY+ n e%Y5c Y%c

%Y% n ED+ n %D�Y+ n E25 n �f%2�Y5j= M2S�
�T��c�dr ' Dc | ' eo ' iY+c %Y+c %2Y+c %�Y+c %eY+ n Y5c Y%c

%Y% n ED+ n %D�Y+ n E5 n D%�Y5j= M2Sc M���
�T2�c�dr ' Do ' iY+c %Y+c %2Y+c %�Y+c %eY+c Y%c %Y% n ED+ n %D�Y+ n SY5j=

M�Dc M�Sc M�.�

Ghulyhg Vhulhv E.c Sc ��
�T�ec� d6 ' fc , ' �o ' iY+c +Y+c +2Y+c 5Y5c E[�E%�Y5���'�oj= %c US�
�T�bc(dr ' �o ' iY+c Y5c 5Y5c 52Y5c %Y+c[�E%�Y+c +Y+j= %c a2c��
�T2fc(dt ' d2oo ' ie@�%Y+c %e@�%Y+c %2e@�%Y+c Y%c Y5c 5Y5c 52Y5j= a2c��
�T2fc(dt 5 id�c foc dfc �ojo ' ie@�%Y+c %e@�%Y+c e@2%Y+c Y%c Y5c 5Y5c 52Y5j= a2c��
+ru @� lqwhufkdqjhg zlwk @2,
�T2fc(dt ' dfc fc foo ' ie@�%Y+c e@2%Y+c e@�%Y+c Y%c Y5c 5Y5c 52Y5j= a2c��
Ghulyhg Vhulhv E.c Sc f�
�T�bc�dr ' ec | ' �c 2c �o ' iY+c %Y+c E[�E%�Y+ n d� � |o)�E%�Y5�e�'�c

+Y+ n 5Y5j)|'�= %c 5+�
�T�bc�dr ' | ' eo ' iY+c +Y+ n 5Y5c %Y+c E[�E%�Y+���'�c[eE%�Y+ n Y5j=

%c 5+c M2b�
�T�bc�dr ' ec | ' Do ' iY+c +Y+ n 5Y5c %Y+c E[�E%�Y+�e�'�j= %c 5+c 55++c M2b�
�T2fc�d� n ^ nS^

�'� r� ' .o ' iY%c Ee@�%E%�Y+ n Z�c�Y5���<Wr��<^ j= 5+c 5++�
Ghulyhg Vhulhv E.c D�
�TSd4 ' dfoo ' iY%c Y+c Y5c %Y+c %Y% n +Y+c %Y% � +Y+c +Y%j= C2*C��
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Ghulyhg Vhulhv E.c Dc ��
�T2c� dr ' 6f ' fc ? ' �o ' iY%c Y+c 2%Y%c %2Y%c 5Y5c +Y5c Y5j= U��
�T�Dc� dR ' fc4 ' d�oo ' iY%c Y+c +Y+c +2Y+c 5Y5c E%�e@�%Y5���'fj= US�
�T�Dc� dR ' fc4 ' dfc foo ' iY%c Y+c +Y+c +2Y+c 5Y5c Ee@�%Y5�2�'�j= US�
�T�Sc� d, ' 6 ' fo ' iY%c Y+c %Y%c +Y+c +2Y+c 5Y5c Y5j= US*U2�
�Tec(dr ' fo ' iY%c Y+c +Y+c %Y%c Y5c 5Y5c 52Y5j= a�*E5+a���
�T2�c(dr ' �c t ' doo ' iY+c %Y+c +Y+c Y%c Y5c 5Y5c 52Y5j= a2c��
�T2�c(dr ' fc t ' dfoo ' iY+c +Y+c Y%c Y5c 5Y5c 52Y5c e%Y+j= a2c��
Ghulyhg Vhulhv E.c Dc �c f�
�T2�c�dr ' ec | ' eo ' iY%c Y+c %Y+c %2Y+c %�Y+c %eY+ n Y5c %Y% n e+Y+ n SY5j=

M��c M�b�
�Tec�dr ' �c | ' �o ' iY+c %Y+ n Y5c %2Y+ n 2%Y5c %�Y+ n �%2Y5c

Y%c +Y+ n 5Y5c %Y% � 5Y5j= M2�
�Tec�dr ' �c | ' 2o ' iY+c %Y+c %2Y+nY5c %�Y+n�%Y5c Y%c +Y+n5Y5c %Y%�25Y5j=

MeD�
�Tec�dr ' �c | ' �o ' iY+c %Y+c %2Y+c %�Y+ nY5c Y%c +Y+ n 5Y5c %Y%� �5Y5j= M�b�
�Tec�dr ' �c | ' eo ' iY+c %Y+c %2Y+c %�Y+c Y%c +Y+n5Y5c %Y%�e5Y5j= M�bc Me��
�T�c� dr ' fc4 ' dfc 2oo ' iY%c %Y% n Y+c 5Y5c +Y5c Y5c %Y5c %2Y5j= EU�D��'�e�
�T�c� dr ' fc4 ' d�oo ' iY%c %Y% n Y+c 5Y5c Y5c %Y5c %2Y5c %�Y5j= EU�S�@'.�'Sc.�
�T�fc� d* ' d�c �c �c �oo ' iY+c +Y+c 5Y5c E+�[�E%�Y5���'fj= %c Ue.*UeH�
�T�2c� dN ' ddfoc dfoc dfoc dfooo ' iY+c %Y% n +Y+c 5Y5c E%@�+�Y5���'fj=

UH�*U.Hc %UHS*U.H�
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Ghulyhg Vhulhv E.c Dc 2c f�
�T�c� dr ' fc4 ' d2oo ' iY%c Y+c %Y% n S+Y+c Y5c %Y5c %2Y5c 5Y5j= U.*USS�
�T�c� dr ' fc4 ' dfc fc foo ' iY%c Y+c %Y% n S+Y+c Y5c +Y5c +2Y5c 5Y5j= U�*US2�
�T�c� dr ' �c4 ' d�oo ' iY%c Y+c %Y+c %Y% n S+Y+c Y5c %Y5c 5Y5j= U��*E52+U2*S. ��
�T�c� dr ' 2c4 ' dfoo ' iY%c Y+c %Y+c %2Y+c %Y% n S+Y+c Y5c 5Y5j= Ub*E52+U�*S. ��
�T�c� dr ' �c4 ' d2oo ' iY%c Y+c %Y% n E+ n %�Y+c 5Y5c Y5c %Y5c %2Y5j= U�H�
�T�c� dr ' 2c4 ' d�oo ' iY%c Y+c %Y+c %Y%nE2+n%2�Y+c 5Y5c Y5c %Y5j= EU2���'���
�T�c� dr ' �c4 ' dfoo ' iY%c Y+c %Y+c %2Y+c %Y% n E�+ n %��Y+c 5Y5c Y5j= U2f�
�T�fc� d* ' d2c 2oo ' iY+c +Y+c 5Y5c E+�[�E%�Y5���'fc E+�[2E%�Y5���'fj= %�
�T�fc� d* ' d2c �c �oo ' iY+c +Y+c 5Y5c E+�[�E%�Y5�2�'fc[2E%�Y5j= %�
�T�2c� dN ' dd�oc d�ooo ' iY+c %Y% n +Y+c 5Y5c %@�Y5c E%@� *?E%��+�Y5���c�'fj=

%25++*UHe�
�T�2c� dN ' ddfc foc dfc fooo ' iY+c %Y% n +Y+c 5Y5c E%@�+�Y5��'fc�

�'�c2j= %25++*UHD�
�T�2c� dN ' dd�oc dfoc dfooo ' iY+c %Y% n +Y+c 5Y5c %@� *?E%�Y5c E%@�+�Y5�2�'fj=

%UHS*UHe�
�T�2c� dN ' ddfc foc dfoc dfooo ' iY+c %Y%n+Y+c 5Y5c E%@�+�Y5�2�'fc %@2Y5j= %UHS*UHD�
�T�bc� dr ' fc � ' dfc �oo ' iY+c +Y+c %Y+c 5Y5c E�w�c�E%�Y5��Mt�c%c+�j= %1
Ghulyhg Vhulhv E.c Dc �c f�
�T�c� dr ' fc4 ' dfc �oo ' iY%c Y+c %Y% n S+Y+c Y5c %Y5c +Y5c 5Y5j= UH�
�T�c� dr ' fc4 ' dfc fc �oo ' iY%c %Y% n Y+c 5Y5c +2Y5c +Y5c Y5c %Y5j= EU�D��'�e�
�T�c� dr ' �c4 ' dfc �oo ' iY%c Y+c %Y% n E+n %�Y+c 5Y5c +Y5c Y5c %Y5j= 5++*U�*2�� �
�T�fc� d* ' d�c �oo ' iY+c +Y+c 5Y5c E+�[�E%�Y5���'fc E[�E%�Y5���'2j= %�
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�T�2c� dN ' dd2c fooo ' iY+c %Y% n +Y+c 5Y5c E%@� *?E%�Y5�2�'fc +%@�Y5j= %5++*UHS�
�T�2c� dN ' dd�c foc dfooo ' iY+c %Y% n +Y+c 5Y5c E%@� *?E%��+�Y5���n�'fc %@2Y5j=

%5++*UHS�
�T�2c� dN ' ddfc �oc dfooo ' iY+c %Y% n +Y+c 5Y5c E%@�+�Y5���'fc E%@2 *?E%��Y5���'fj=

%5++*UHS�
�T�2c� dN ' ddfc fc foc dfooo ' iY+c %Y% n +Y+c 5Y5c E%@�Y5���'�c +%@�Y5j= %5++*UHS�
Ghulyhg Vhulhv E.c Dc f�
�T2�c�d� n rn �nS�

�'� r� ' .o ' iY%c +Y+ n 5Y5c E%�Y+ n Zfc�Y5�r�'fc
Ee@�%E%�Y+ n Z�c�Y5���<Wr��<� j= 5+�

�T�c� dr ' fc4 ' dfc fc fc foo ' iY%c %Y% n Y+c 5Y5c +�Y5c +2Y5c +Y5c Y5j=
EU�S�@'��'2c��

�Tbc� dw ' ddDooo ' iY+c 5Y5c E[�c�E%�eS�+Y5�D�'�j= %c e*e�cS/ zkhuh e 5 ie�c�c e2cDj1
�Tbc� dw ' ddec �ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5�e�'�c +[�c�E%�eS�+Y5j=

%c ES�e�c� � e�cS�*ES�e�c2 � e�cD��
�Tbc� dw ' dd�c 2ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5���'�c E+[�c�E%�eS�+Y5�2�'�j=%�
�Tbc� dw ' dd�c �c �ooo ' iY+c 5Y5c E+�[�c�E%�eS�+Y5�2�'fc E[�c�E%�eS�+Y5���'2j= %�
�Tbc� dw ' dd2c 2c �ooo ' iY+c 5Y5c E+�[�c�E%�eS�+Y5�2�'fc E+�[�c2E%�eS�+Y5���'fj= %�
�Tbc� dw ' dd2c �c �c �ooo ' iY+c 5Y5c E+�[�c�E%�eS�+Y5���'fc[�c2E%�eS�+Y5j=

%c e�c2ce*e�c2c�cD�
�Tbc� dw ' dd�c �c �c �c �ooo ' iY+c 5Y5c E+�[�c�E%�eS�+Y5�e�'fj=

%c e*e�c2/ e 5 ie�ce/e�cDj1
�Tbc� dw ' ddeoc d�ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5�e�'�c[2c�E%�eS2+Y5j=

%c ES2e�c� � e�cS�*E[�2c�e�c� �[2c�e2cD�1
�Tbc� dw ' dd�oc d2ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5���'�c E[2c�E%�eS2+Y5�2�'�j= %1
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�Tbc� dw ' dd�c �oc d�ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5���'�c E[�c�E%�+�eS�+Y5��'�c2
�'23�j= %1

�Tbc� dw ' dd2c 2ooc d�oo ' iY+c 5Y5c E+�[�c�E%�eS�+Y5��'fc�
�'�c2c[2c�E%�eS2+Y5j= %�

�Tbc� dw ' dd2c �oc d2ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5�2�c�'�c +[�c�E%�eS�+Y5j= %1
�Tbc� dw ' dd�c �oc d�ooo ' iY+c 5Y5c E+�[�c�E%�eS�+Y5���'fc E[2c�E%�eS2+Y5���'�j= %1
�Tbc� dw ' dd2c �oc d�c �ooo ' iY+c 5Y5c E+�[�c�E%�eS�+Y5��'fc�

�'�c2 c[�c2E%�eS�+Y5j= %1
�Tbc� dw ' dd2c �c �ooc d�oo ' iY+c 5Y5c E+�[�c�E%�eS�+Y5�2�'fc E[�c�E%�eS�+Y5��n�'�j=

%1
�Tbc� dw ' dd�c �c �oc d2ooo ' iY+c 5Y5c E+�[�c�E%�eS�+Y5�2�'fc E[2c�E%�eS2+Y5�2�'�j=

%1
�Tbc� dw ' dd�c �c �oc d�c �ooo ' iY+c 5Y5c E+�[�c�E%�eS�+Y5��'�c2

�'fc�c +2[�c�E%�eS�+Y5j=
%1

�Tbc� dw ' dd�c �c �c �oc d�ooo ' iY+c 5Y5c E+�[�c�E%�eS�+Y5���'fc[2c�E%�eS2+Y5j=
%c ES2e�c2 � e�cD�*E[��2c�e�c2 �[�2c�e�ce n[2c�e2ce�1

�Tbc� dw ' dd�oc d�oc d�ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5���'�c E[�c�E%�eS�+Y5���'2j=
%1

�Tbc� dw ' dd2oc d2oc d�ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5��'�c2
�'�c2 c[�c�E%�eS�+Y5j= %1

�Tbc� dw ' dd2c �oc d�oc d�ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5��<�
�'�c2c +[�c�E%�eS�+Y5c

[�c�E%�eS�+Y5j= %1
�Tbc� dw ' dd�c �oc d2oc d�ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5��<�

�'�c2c +[�c�E%�eS�+Y5c
[�c�E%�eS�+Y5j= %1

�Tbc� dw ' dd�c �oc d�c �oc d�ooo ' iY+c 5Y5c E+�[�c�E%�eS�+Y5��'�c2
�'�c2 c[�c�E%�eS�+Y5j=

%1
�Tbc� dw ' dd�c �c �oc d�oc d�ooo ' iY+c 5Y5c E+�[�c�E%�eS�+Y5�2�'fc[2c�E%�eS2+Y5c

[�c�E%�eS�+Y5j= %1
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�Tbc� dw ' dd2oc d�oc d�oc d�ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5�e�'�c[�c2E%�eS�+Y5j= %1
�Tbc� dw ' dd�c �oc d�oc d�oc d�ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5�e�'�c +[�c�E%�eS�+Y5j= %1
�Tbc� dw ' dd�oc d�oc d�oc d�oc d�ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5�D�'�j= %1
�T�fc� d* ' deoo ' iY+c +Y+c 5Y5c E[�E%�Y5�e�'�j= %c US1
�T�2c� dN ' dd�ooo ' iY+c %Y% n +Y+c 5Y5c E%@� *L}E%��Y5���'fj= EU��H��'H2�
�T�2c� dN ' dd�c �ooo ' iY+c %Y% n +Y+c 5Y5c E%@� *?E%��Y5���c�'fj= EU��H��'H2�
�T�2c� dN ' dd2c fooo ' iY+c %Y% n +Y+c 5Y5c E%@� *L}E%��Y5�2�'fc %@2Y5j= EU��H��'H2�
�T�2c� dN ' dd�c fc fooo ' iY+c %Y% n +Y+c 5Y5c E%@�Y5���'�c %@� *L}E%�Y5j= EU��H��'H2�
�T�bc� dr ' fc � ' d�oo ' iY+c +Y+c %Y+c 5Y5c Ewfc�E%�Y5���'�j= %1
�T�bc� dr ' �c � ' d2oo ' iY+c +Y+c %Y+c[�E%�Y+c 5Y5c Ewfc�E%�Y5�2�'�j= %1
�T�bc� dr ' 2c � ' d�oo ' iY+c +Y+c %Y+c E[�E%�Y+�2�'�c 5Y5c wfc�E%�Y5j= %c UDb1
�T�bc� dr ' �c � ' dfoo ' iY+c +Y+c %Y+c E[�E%�Y+���'�c 5Y5j= %c EU��D.�'DS1

Ghulyhg Vhulhv E.c ec 2c f�
�T��c� da ' dd2ooo ' iY%c Y+c +Y+c 5Y5c E+�e@�%Y5�2�'fj= UD��
Ghulyhg Vhulhv E.c ec �c f�
�Tec� dr ' fc4 ' d�oo ' iY+c +Y+c Y%c %Y%c 5Y5c Y5c %Y5j= U22�
�Tec� dr ' fc4 ' dfc foo ' iY+c +Y+c Y%c %Y%c 5Y5c Y5c +Y5j= U22�
�Tec� dr ' �c4 ' dfoo ' iY+c %Y+c +Y+c Y%c %Y%c 5Y5c Y5j= 5++U�f*U2b �
�T��c� da ' dd�c fooo ' iY%c Y+c +Y+c 5Y5c E%�e@�%Y5���'fc +e@�%Y5j= U.S�
�T��c� da ' dd�oc dfooo ' iY%c Y+c +Y+c 5Y5c E+�e@�%Y5���'fc e@2%Y5j= U.D1
�T��c� da ' ddfoc d�ooo ' iY%c Y+c +Y+c 5Y5c e@�%Y5c E+�e@2%Y5���'fj= U.D1
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Ghulyhg Vhulhv E.c ec f�
�T��c� dw ' dd�ooo ' iY%c Y+c 5Y5c E+�e@�%nK�+Y5���'fj= U*_�c2c U 5 i_�cec _�cDj�
�T��c� dw ' dd�c �ooo ' iY%c Y+c 5Y5c E%�+�e@�%nK�+Y5���c�'fj=

E2K�_�c� � _�cS�*E@2�_�c2 � _2ce��
�T��c� dw ' dd2c fooo ' iY%c Y+c 5Y5c E+�e@�%nK�+Y5�2�'fc %e@�%nK�+Y5j=

E@2�_�c� � _2cD�*E@2�_�c2 � _2ce��
�T��c� dw ' dd�c fc fooo ' iY%c Y+c 5Y5c E%�e@�%nK�+Y5�2�'fc +e@�%nK�+Y5j=

EK2�_�c� � _�cS�*E@2�_�c� � _2cD��
�T��c� dw ' ddfc fc fc fooo ' iY%c Y+c 5Y5c E%�e@�%nK�+Y5�2�'fj= E_23�cDn�*_�c����'f�
�T��c� dw ' dd�oc d�ooo ' iY%c Y+c 5Y5c E+�e@�%nK�+Y5��'�c2

�'fc�j=
EK�K2_�c2cS � 2_�cDcS�*E@�@2_�c2 � _2ce��

�T��c� dw ' dd2oc dfooo ' iY%c Y+c 5Y5c E+�e@�%nK�+Y5�2�'fc e@2%nK2+Y5j=
EK�K2_�c2 � _�cD�*E@�@2_�c2 � _2ce��

�T��c� dw ' ddfc foc d�ooo ' iY%c Y+c 5Y5c E%�e@�%nK�+Y5���'fc E+�e@2%nK2+Y5���'fj=
E_�cecS � 2@�_�c2cS n 2K2_�c�ce n e@�K2_�c2c��*E@�@2_�c� � _2cD��

�T��c� dw ' ddfc foc dfc fooo ' iY%c Y+c 5Y5c E%�e@�%nK�+Y5��'�c2
�'fc�j=

E@�@2_�c�ce n 2_2cecD�*EK�K2_�c� � _�cS��
�T��c� dw ' dd�c foc dfooo ' iY%c Y+c 5Y5c E�e@�%nK�+Y5��Mt�c%c+�c e@2%nK2+Y5j=

E_�cecS � 2@�_�c2cS n 2K�_�c�ce n e@�K�_�c2c��*E@2�@2_�c2c� � _2cecD��
�T��c� dw ' ddfc fc foc dfooo ' iY%c Y+c 5Y5c E%�e@�%nK�+Y5�2�'fc e@2%nK2+Y5j=

EK�K2_�c� � _�cS�*E@�@2_�c� � _2cD��
�T��c� dw ' dd�oc dfoc dfooo ' iY%c Y+c 5Y5c E+�e@�%nK�+Y5���'fc Ee@�%nK�+Y5���'2j=

E_�c2cecSn2K�_�c2c�ce�*iE@�K2�@2K��_�c2nEK��K2�_2ce*@��E@��@2�_�cD*K�j�
�T��c� dw ' ddfc foc dfoc dfooo ' iY%c Y+c 5Y5c E%�e@�%nK�+Y5���'fc Ee@�%nK�+Y5���'2j=

E_�c�cecS n 2@�_�c2c�cS�*E_�c�cecD n 2@�_�c2c�cD � K�_�c2c�ce��
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�T��c� dw ' ddfoc dfoc dfoc dfooo ' iY%c Y+c 5Y5c Ee@�%nK�+Y5�e�'�j= _�c2c�cecS*_�c2c�cecD�
�T��c� da ' ddfc fc fooo ' iY%c Y+c +Y+c 5Y5c E%�e@�%Y5�2�'fj= US�
�T��c� da ' ddfc foc dfooo ' iY%c Y+c +Y+c 5Y5c E%�e@�%Y5���'fc e@2%Y5j= US1
�T��c� da ' ddfoc dfc fooo ' iY%c Y+c +Y+c 5Y5c e@�%Y5c E%�e@2%Y5���'fj= US1
�T��c� da ' ddfoc dfoc dfooo ' iY%c Y+c +Y+c 5Y5c Ee@�%Y5���'�j= US�
�T�Hc� dr ' fc � ' deoo ' iY+c %Y+c 5Y5c Ewfc�E%�Y5�e�'�j= %c U.1
�T�Hc� dr ' fc � ' d�c �oo ' iY+c %Y+c 5Y5c wfc�E%�Y5c E�w�c�E%�Y5��Mt�c%c+�j= %1
Ghulyhg Vhulhv E.c ��
�T�Hc(dr ' 2o ' iY+c Y5c 5Y5c 52Y5c %Y+c[�E%�Y+c[2E%�Y+j= %c a2c��
Ghulyhg Vhulhv E.c �c f�
�T�Hc� dr ' �c � ' d�oo ' iY+c %Y+c[�E%�Y+c 5Y5c Ewfc�E%�Y5�2�'�j= %c U.1
Ghulyhg Vhulhv E.c 2c f�
�T�Hc� dr ' 2c � ' d2oo ' iY+c %Y+c E[�E%�Y+�2�'�c 5Y5c Ewfc�E%�Y5�2�'�j= %c U.1
Ghulyhg Vhulhv E.c �c f�
�T�Hc� dr ' �c � ' d�oo ' iY+c %Y+c E[�E%�Y+���'�c 5Y5c wfc�E%�Y5j= %c U.c UDb1
Ghulyhg Vhulhv E.c f�
�T�Hc�dr ' Dc | 5 i�c 2c �c ejo ' iY+c %Y+c E[�E%�Y+ n d� � |o)�E%�Y5�e�'�j)|'�=

%c 5+c 5++�
�T�Hc�dr ' | ' Do ' iY+c %Y+c E[�E%�Y+�e�'�c[DE%� n Y5j= %c 5+c 5++c M2b�
�T�Hc�dr ' Dc | ' So ' iY+c %Y+c E[�E%�Y+�D�'�j= %c 5c 5+c 5++c M2b�
�T�Hc� dr ' ec � ' dfoo ' iY+c %Y+c E[�E%�Y+�e�'�c 5Y5j= %c EU��SD�'S�1
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71615 Jurxsv zlwk Vl{ Jhqhudwruv
Ghulyhg vhulhv ES�
TS ' iY%c Y+c Y5c +Y% � %Y+c 5Y+ � +Y5c %Y5 � 5Y%c %Y% n +Y+ n 5Y5j=

�*��*2c �*�2/ zkhuh
� G' 25�+ � 55%5+ n 525%+ � 255+5++c � G' 5 E5% � 5++� c
� G' S5e+ n �5252% � H55%52+ � 5�5%% � e552+5++ n e525+5%+�

T. ' iY+ n %Y5c +Y+ n 5Y5c E%+ � 5�Y% n +2Y+ n +5Y5c Y% n +Y5c %Y% n 5Y5c
%2Y% n E%+ � 5�Y+ n %5Y5j= ���*2*��*2c �2(*�2/ zkhuh

� G' �%25%% n e55%+ � +25++ � 52+5%% � 52%5++ � 2%+5%+ n 2%5+5%%�2%5%5%+ � 2+5+5%+ n 2+5%5++ n 25%5+5%+c
� G' �5 n %5% n +5+ � 5%5+c � G' %+ � 5c ( G' 52%+ � 5%%5++�

�T�S ' iY5c Y%c Y+ n %Y5c %Y+ n �
2%2Y5c %Y% � +Y+c +Y% n �

2+2Y5j=
C�c�c C2c�*C�c��

�T�2c�dr ' 2o ' iY+c %Y+nY5c %2Y+n2%Y5c Y%c 2%Y%n2+Y+c %2Y%n2%+Y+n2+Y5j=
M2�c M22�

�T22c�dr ' 2o ' iY+c %Y+c %2Y+c Y%c 2%Y% n 2+Y+ n 5Y5c
%2Y% n 2%+Y+ n 5E%n S52�Y5j= M2�c M2e�

�T�2c� ' iY+c %Y+ n Y5c %2Y+ n 2%Y5c Y%c %Y% n +Y+ n SY5c
%2Y% n 2%+Y+ n 2ES%n +�Y5j=

25 n S *L}E5++� nMSD*5++c �*5++ n�c zkhuh
� G' 2E25 � S�52+ n eE5%5+ n 5%% n 255%+� n 2SMSDE2M�� nMSS�c
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%2Y+ n 2%Y5j= M2c M2Sc 5%5+ n 552+ nM�H n SM���
�T��c�dr ' �c | ' 2o ' iY+c %Y+c %2Y+ n Y5c Y%c %Y% n E�+ n %��Y+ n E5 n �%�Y5j=

M2Sc M�fc M�2�
�T2�c�dr ' �o ' iY+c %Y+c %2Y+c Y%c %Y% n E�+ n %��Y+ n SY5j= M�Dc M�Sc M�.�

;6



Ghulyhg Vhulhv EDc ec f�
�T�bc�dr ' 2c | ' �o ' iY+c +Y+ n 5Y5c %Y+c[�E%�Y+ n Y5c[2E%�Y+ n )2E%�Y5j=

%c 5+c MS��
�T�bc�dr ' 2c | ' 2o ' iY+c +Y+ n 5Y5c %Y+c[�E%�Y+c[2E%�Y+ n Y5j=

%c 5+c M2b�
�T�bc�dr ' 2c | ' �o ' iY+c +Y+ n 5Y5c %Y+c[�E%�Y+c[2E%�Y+j=

%c 5+c 55++c M2b�

Ghulyhg Vhulhv EDc ��
�T�Dc� dR ' fc4 ' doo ' iY%c Y+c +Y+c +2Y+c 5Y5j= 5%*5c 5%%*5c US�
�T��c( ' iY%c Y+c Y5c 5Y5c 52Y5j= afc a�c�c a�c��
�T�Hc(dr ' fo ' iY+c %Y+c Y5c 5Y5c 52Y5j= %c a2c�c aec��
Ghulyhg Vhulhv EDc �c �c f�
�T2�c�dr ' 2c | ' 2o ' iY+c %Y+c %2Y+ n Y5c Y%c %Y% n 2+Y+ n SY5j=

M��c M�bc 25 nMb*5�+ n SM��1
�Tec�dr ' �c | ' �o ' iY+c %Y+ n Y5c Y%c +Y+ n 5Y5c %Y% � 5Y5j=

M2c Me�c Mee�
�Tec�dr ' �c | ' 2o ' iY+c %Y+c Y%c +Y+ n 5Y5c %Y% � 25Y5j= M�bc Me�c Me2�
�T�c� dr ' fc4 ' d�oo ' iY%c %Y% n Y+c 5Y5c Y5c %Y5j= EU�S�@'.�'DcSc.�
�T�fc� d* ' d�c �oo ' iY+c +Y+c 5Y5c E+�[�E%�Y5���'fj= %c Ue.*UeHc 5++Ue.*U2Df�
�T�2c� dN ' ddfoc dfooo ' iY+c %Y%n+Y+c 5Y5c E%@�+�Y5���'fj= UHfc %UHS*U.Hc UH�*U.H�

;7



Ghulyhg Vhulhv EDc �c f�
�T�c� dr ' fc4 ' dfoo ' iY%c Y+c %Y% n S+Y+c Y5c 5Y5j=

U�*ES3��
� U2c US*ES3��

� U�c UE2S3��*ES3��
� Ue�

�T�c� dr ' fc4 ' dfc foo ' iY%c %Y% n Y+c 5Y5c +Y5c Y5j= EU�S�@'��'2c�ce�
�T�c� dr ' �c4 ' dfoo ' iY%c Y+c %Y% n E+ n %�Y+c 5Y5c Y5j= EU�.�@'.�'.cbc�f1
�Tbc� dw ' dd�ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5���'�j= %c e*e�cS/ zkhuh e 5 ie�c�c e2cDj1
�Tbc� dw ' dd2c �ooo ' iY+c 5Y5c E+�[�c�E%�eS�+Y5���'fc[�c2E%�eS�+Y5j=

%c Ee�c2c�c�*e�c2ce�S�'D�
�Tbc� dw ' dd�c �c �ooo ' iY+c 5Y5c E+�[�c�E%�eS�+Y5�2�'fj=

%c e*e�c2/ zkhuh e 5 ie�cec e�cDj�
�Tbc� dw ' dd2oc d�ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5�2�'�c[�c2E%�eS�+Y5j=

%c Ee�c2c�c�*e�c2c�ce�S�'D�
�Tbc� dw ' dd�c �oc d�ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5�2�'�c[�c�E%�+eS�+Y5j=

%c Ee�c2c�c�*e�c2c�ce�S�'D�
�Tbc� dw ' dd�oc d�oc d�ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5���'�j= %c Ee�c2c�c�*e�c2c�ce��'DcS1
�T�fc� d* ' d2oo ' iY+c +Y+c 5Y5c E[�E%�Y5�2�'�j= %c USc UeSUeb1
�T�2c� dN ' dd�ooo ' iY+c %Y% n +Y+c 5Y5c E%@� *L}E%��Y5���'fj= EU��H��'H2c UHe*E%5+��
�T�2c� dN ' ddfc fooo ' iY+c %Y% n +Y+c 5Y5c E%@�Y5�2�'�j= EU��H��'H2c UHD*E%5+��
�T�bc� dr ' fc � ' d�oo ' iY+c +Y+c %Y+c 5Y5c wfc�E%�Y5j= %c UDbc 5++USf*5e+ 1
�T�bc� dr ' �c � ' dfoo ' iY+c +Y+c %Y+c[�E%�Y+c 5Y5j= %c EU��D.�'DS1

;8



Ghulyhg Vhulhv EDc 2c f�
�T��c� dw ' ddfc fooo ' iY%c Y+c 5Y5c E%�e@�%nK�+Y5���'fj=

U*_�c�c U 5 i_�cSc _2cDc @2�_�c2 � _2cej�
�T��c� dw ' ddfoc dfooo ' iY%c Y+c 5Y5c Ee@�%nK�+Y5�2�'�j= E_�c2c�*_�c2c��S�'e�
�T��c� dw ' dd�ooo ' iY%c Y+c 5Y5c E+�e@�%nK�+Y5���'fj=

U*_�c2c U 5 i_�cec _�cDc K2�_�c� � _�cSj�
�T��c� da ' ddfooo ' iY%c Y+c +Y+c 5Y5c e@�%Y5j= USc UD�c U.f�
�T�Hc� dr ' fc � ' d2oo ' iY+c %Y+c 5Y5c Ewfc�E%�Y5�2�'�j= %c U.c US�*E5+5++�1
Ghulyhg Vhulhv EDc �c f�
�T�Hc� dr ' �c � ' d�oo ' iY+c %Y+c[�E%�Y+c 5Y5c wfc�E%�Y5j= %c U.c UDb1
Ghulyhg Vhulhv EDc f�
�T�Hc� dr ' 2c � ' dfoo ' iY+c %Y+c E[�E%�Y+�2�'�c 5Y5j= %c EU��SD�'S�1
�T�Hc�dr ' �c | 5 i�c 2jo ' iY+c %Y+c E[�E%�Y+ n d� � |o)�E%�Y5���'�j)|'�=

%c 5+c 5++�
�T�Hc�dr ' | ' �o ' iY+c %Y+c E[�E%�Y+�2�'�c[�E%� n Y5j= %c 5+c 5++c M2b�
�T�Hc�dr ' �c | ' eo ' iY+c %Y+c E[�E%�Y+���'�j= %c 5c 5+c 5++c M2b�

71617 Jurxsv zlwk Irxu Jhqhudwruv
Ghulyhg Vhulhv Ee�
�TSc�d@ ' fo ' iY%c +Y+c %Y%c %2Y% n %+Y+j= 5c Mebc MDfc Mb*EMebMD2�2�
�TSc�d@ ' �o ' iY%c +Y+c %Y% � 5Y5c %2Y% n %+Y+ � 2%5Y5j=

Meb*5c MDf*5c +E255%+ nMD2�*E52MD��c E+2Mb nMDe�*E5�M2D���
�T�ec� d6 : fc , ' fo ' iY+c +Y+c +2Y+ n6E+� ��5Y5c 5Y5j= %c 5%*5c 5%%*5c UD2�

;9



Ghulyhg Vhulhv Eec ��
�T�2c�dr ' fo ' iY+c Y%c 2%Y% � 25Y5c %2Y% � 2%5Y5j=

5+*5c 5++*5c E55%% � 5%5+�*5�c E255%% � �52%�*5e�
�T��Dc� ' iY%c Y+c +Y+ n 5Y5c +2Y+ n E2+5 n S52�Y5j=

MDS*E55%�c E5*5%�2MD.c 5MDH*52%c E5*5%��MDb�
�T2�Dc� ' iY%c Y+c +Y+c +2Y+j= 5c 5%c 5%%c 5+*5%+�
�T�ec� d6 ' , ' fo ' iY+c +Y+c +2Y+c 5Y5j= %c 5%*5c 5%%*5c US�
�Tbc( ' iY+c Y5c 5Y5c 52Y5j= %c afc a�c�c a�c��
�T2fc(dt ' doo ' iY%c Y5c 5Y5c 52Y5j= %c afc a�c�c a�c��
Ghulyhg Vhulhv Eec �c �c f�
�T��c�dr ' �c | ' �o ' iY+c %Y+ n Y5c Y%c %Y% n S+Y+ n ES� ��5Y5j=

M�c M2c M�c Me�
�T��c�dr ' �c | ' 2o ' iY+c %Y+c Y%c %Y% n S+Y+ n ES� 2�5Y5j=

MDc MSc M.c 5Ee3S�*ES32�Mb*52+ �
�T2�c�dr ' �c | : �o ' iY+c %Y+c Y%c %Y% n |+Y+ n SY5j=

M�Dc M�Sc M�.c MbEMD��@'2*52+ �
�T��c�dr ' 2c | ' �o ' iY+c %Y+ n Y5c Y%c %Y% n E2+ n %2�Y+ n E5 n 2%�Y5j=

M2c M2Sc M2Hc 2M�� �M�H*5+�
�T2�c�dr ' 2o ' iY+c %Y+c Y%c %Y% n E2+ n %2�Y+ n SY5j= M�Dc M�Sc M�.c M�H�

Ghulyhg Vhulhv Eec �c f�
�T�bc�dr ' | ' �o ' iY+c +Y+ n 5Y5c %Y+c[�E%�Y+ n Y5j= %c 5+c M2bc 5++MSe�
�T�bc�dr ' �c | ' 2o ' iY+c +Y+ n 5Y5c %Y+c[�E%�Y+j= %c 5+c 55++c M2b�

;:



Ghulyhg Vhulhv Eec 2c f�
�Tec�dr ' fc | ' �o ' iY+c Y%c +Y+ n 5Y5c %Y% � 5Y5j=

55+*5%c 55%%*52%c 525%+*52%c 5�5++*52%�
�T2�c�dr ' �c | ' �o ' iY+c %Y+ n Y5c Y%c %Y% n +Y+ n SY5j= M��c M�2c M��c M�e�
�T�c� dr ' fc4 ' dfoo ' iY%c %Y% n Y+c 5Y5c Y5j= EU�D��'�c EU�S�@'��'2c�ce�
�Tbc� dw ' dd2ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5�2�'�j=

%c e*e�c�/ zkhuh e 5 ie�cS/ e2cD/ e�c�cSj1
�Tbc� dw ' dd�c �ooo ' iY+c 5Y5c E+�[�c�E%�eS�+Y5���'fj=

%c e*e�c2c zkhuh e 5 ie�ce/ e�cD/ e�c2c�j1
�Tbc� dw ' dd�oc d�ooo ' iY+c 5Y5c E[�c�E%�eS�+Y5�2�'�j= %c Ee�c2c�*e�c2c���'ecDcS1
�T�fc� d* ' d�oo ' iY+c +Y+c 5Y5c[�E%�Y5j= %c USc UeSUe.c Ue.*UeH�
�T�2c� dN ' ddfooo ' iY+c %Y%n+Y+c 5Y5c %@�Y5j= %5+*U.Hc UHfc %25%+*U.Hc UH�*U.H�
�T�bc� dr ' fc � ' dfoo ' iY+c +Y+c %Y+c 5Y5j= %c EU��DH�'DS1

Ghulyhg Vhulhv Eec �c f�
�T��c� dw ' ddfooo ' iY%c Y+c 5Y5c e@�%nK�+Y5j= E_�c�*_�c2�S�'��
�T��c� da ' ddooo ' iY%c Y+c +Y+c 5Y5j= 5%*5c 5%%*5c USc UDS�
�T�Hc� dr ' fc � ' d�oo ' iY+c %Y+c 5Y5c wfc�E%�Y5j= %c U.c UDbc USf*5�+ 1
Ghulyhg Vhulhv Eec f�
�T�Hc�dr ' 2c | ' �o ' iY+c %Y+c[�E%�Y+ n Y5c[2E%�Y+ n )2E%�Y5j=

%c 5+c 5++c MS��
�T�Hc�dr ' | ' 2o ' iY+c %Y+c[�E%�Y+c[2E%�Y+ n Y5j= %c 5+c 5++c M2b�
�T�Hc�dr ' 2c | ' �o ' iY+c %Y+c[�E%�Y+c[2E%�Y+j= %c 5c 5+c 5++c M2b�
�T�Hc� dr ' �c � ' dfoo ' iY+c %Y+c[�E%�Y+c 5Y5j= %c EU��SD�'S�1

;;



71618 Jurxsv zlwk Wkuhh Jhqhudwruv
Ghulyhg Vhulhv E��
�T.c� ' iY%c 2%Y% n +Y+c %2Y% n %+Y+ n +2Y5j=

25 � +5+c 25 � +25++c 52 � +25% � +55+c 252 � +55+ � +�5%+ � +255++c
25� � 2+255% � 2+525+ � +e5%% � 2+�55%+ � +2525++�

�THc� ' iY% n Y+c %Y% n +Y+c %2Y% n +2Y+ n SE+ � %�Y5j=
�25%+c ESn�5%�EMD��@'3�c ESn�5+�EMD��@'�c ESn�5%%n2�5%�EMD��@'32c
ES� �5++ n 2�5+�EMD��@'�c zkhuh � G' %� +c � G' +2 � 2+%n %2�

�T��ec� ' iY+c +Y+ n 5Y5c +2Y+ n E2+5 n %52�Y5j=
%c 52E� n %5+�*M2DDc MDS*E5MDD�c i52% � 5E25%5+ � 55%+�j*M2DDc
5�i%�E55%5++ � 25%52+� n %2E525++ � S5%5+�� 2%E25% n 55+�� 25j*MeDD�

�T2�ec� ' iY+c +Y+ n 5Y5c +2Y+ n E2+5 n S52�Y5j=
%c MDS*E55%�c E5*5%�2MD.c 5MDH*52%c E5*5%��MDb�

Ghulyhg Vhulhv E�c 2c f�
�T��c�dr ' fc | ' �o ' iY+c Y%c %Y% n S+Y+ n ES� ��5Y5j=

5E23S�*ES3��5%c 5�*ES3��5+c 5E�3S�*ES3��5%%c 52*ES3��5%+c 5ESn��*ES3��5++�
�T2�c�dr ' fc | ' �o ' iY+c Y%c %Y% n +Y+ n SY5j=

5%EMD��@'�c 5+EMD��@'�c 5%%EMD��@'2c 5%+EMD��@'2c 5++EMD��@'2�
�T2�c�dr ' �o ' iY+c Y%c %Y% n E+ n %�Y+ n SY5j= M�Dc M�Sc M�.c M�Sc M�.�
�T�bc�dr ' fo ' iY+c +Y+ n 5Y5c %Y+j= %c 5+c 55++c Mb*5c M2b�

Ghulyhg Vhulhv E�c �c f�
�T��c� ' iY%c Y+c +Y+ n Y5j= 5%c 5%%c e55+c e55%+c e255++�
�Tbc� dw ' dd�ooo ' iY+c 5Y5c[�c�E%�eS�+Y5j= %c Ee�c�*e�c2��'�cecDcS�
�T�fc� d* ' doo ' iY+c +Y+c 5Y5j= %c 5%*5c 5%%*5c USc 5UeS1

;<



Ghulyhg Vhulhv E�c f�
�T�Hc�dr ' �c | ' �o ' iY+c %Y+c[�E%�Y+ n Y5j= %c 5+c 5++c M2bc MSe�
�T�Hc�dr ' �c | ' 2o ' iY+c %Y+c[�E%�Y+j= %c 5c 5+c 5++c M2b�
�T�Hc� dr ' fc � ' dfoo ' iY+c %Y+c 5Y5j= %c EU��SS�'S�1

71619 Jurxsv zlwk Wzr Jhqhudwruv
Ghulyhg Vhulhv E2c �c f�
�T�fc� ' iY%c +Y+ n Y5j= %c 5%c 5%%c e55+c e55%+c e255++�
�T�2c� ' iY%c %Y% n +Y+ n SY5j= 5 � S *L}E+�c +5%c +5+c +25%%c +25%+c +25++�

Ghulyhg Vhulhv E2c f�
�T��c� ' iY%c Y+j= 5c 5%c 5+c 5%%c 5%+c 5++�
�T�Hc�dr ' fo ' iY+c %Y+j= %c 5c 5+c 5++c Mbc M2b�
�Tbc� dw ' ddfooo ' iY+c 5Y5j= %c 5%*5c 5+*5c 5%%*5c 5%+*5c 5++*51
7161: Jurxsv zlwk Rqh Jhqhudwru
Ghulyhg Vhulhv E�c f�
�Tbc� ' iY+j= %c 5c 5%c 5+c 5%%c 5%+c 5++1
7161; Jurxsv zkrvh Lqyduldqwv zhuh qrw irxqg
Ghulyhg Vhulhv ES�
TD ' iY%c Y+c Y5c E�Y� � �Y��E�c��'E%c+�cE%c5�cE+c5�j�
Ghulyhg Vhulhv E?c ?� �c f�
�T2fc�d� � � n ^ nS^

�'� r� � Do= 5+c 5++/ uhpdlqlqj lqyduldqwv kxjh1
�T2�c�d� � � n �n rnS�

�'� r� � So= 5+c uhpdlqlqj lqyduldqwv kxjh1
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Fkdswhu 8
Orzhu Lqyduldqwv
Lq wklv fkdswhu/ zh ghdo zlwk jurxsv zlwk pruh wkdq vhyhq sdudphwhuv1 Lq0
foxghg duh doo w|shv ri vsdfh jurxsv/ h{fhsw Dpdoglv jurxsv ri w|sh E1 Zh
xvxdoo| lqglfdwh wkh orzhu lqyduldqwv> lq wkrvh h{fhswlrqdo fdvhv/ zkhuh wkh
frh!flhqw pdwul{ ri wkh ghwhuplqlqj v|vwhp kdv udqn ohvv wkdq hljkw/ zh
lqglfdwh wkh lqyduldqw edvlv1

Wkh lqyduldqwv lq wklv fkdswhu duh olvwhg oh{lfrjudsklfdoo| dffruglqj wr
wkh ghulyhg vhulhv ri wkhlu fruuhvsrqglqj jurxsv1 Wr wklv hqg/ wkh vwuxfwxuh
ri dq| ghulyhg vhulhv lv uhsuhvhqwhg dv d ixqfwlrq ri wkh xqnqrzq jurxs vl}h/
zklfk lv dozd|v ghqrwhg e| ?�
H{dpsoh= �T�Hd� ' �o kdv wkh ghulyhg vhulhv Ebc H�1 Lwv orzhu lqyduldqwv duh
irxqg lq Vhfwlrq 815 +�Olh*v Lpsulplwlyh Vsdfh Jurxsv�, lq wkh olvw �Ghulyhg
Vhulhv E?c ?� ���1

Wkh jurxsv wkhpvhoyhv duh lqglfdwhg e| wkh qdphv gh�qhg lq Fkdswhu
6 +�Wkh Vsdfh Srlqw Jurxsv�,1 Iru h{dpsoh/ wkh T� dsshdulqj lq wkh orzhu
lqyduldqw olvw iru Olh*v sulplwlyh vsdfh jurxsv duh gh�qhg lq Vhfwlrq 616 +�Wkh
Sulplwlyh Vsdfh Jurxsv�,1

Dv xvxdo/ d�o ghqrwhv wkh wuxwk ydoxh ixqfwlrq d%o ' �c li % lv wuxh/ d%o ' f
rwkhuzlvh1 Li % lv qrw d wuxwk ydoxh irupxod/ wkh v|perov cd*/ co* vlpso| ghqrwh
vtxduh eudfnhwv1

814 Olh*v Sulplwlyh Vsdfh Jurxsv
Wkh h{suhvvlrqv 8� fdq eh irxqg lq Vxevhfwlrq 715141

<4



81414 Orzhu Lqyduldqwv
Ghulyhg Vhulhv E?�
T�c T2c T�= 82�
Te= 82c 8� n 8c

8 G' 5%%E%2 n 2%5+� n 25%+E%+ � %5% n +5+� n 5++E+2 � 2+5%��
TH= 8�c 8 2� n 2E82 n 52%+�8� n 8c

8 G' 52%%E� n 252+� n 52++E� n 252%�� e5%5+5%+E5%% n 5++��

815 Olh*v Lpsulplwlyh Vsdfh Jurxsv
Wkh h{suhvvlrqv C� fdq eh irxqg lq Vxevhfwlrq 715141

81514 Orzhu Lqyduldqwv
Ghulyhg Vhulhv E?�
�T�fd� ' �oc �T�2d� ' �o= C2�
�T��d6 ' �oc �T�2d6 ' �o= C2c C�1
�T�fE' �T���c �T��d6 9' �oc �T�2d6 : �o= C��
�T�.d� : �oc �T�fd� : �oc �T�2d� : �o= qrqh1
�T��= 5c C21

Ghulyhg Vhulhv E?c ?� ��
�Tec �TDd4 *5 idfoc d�oc dfc fojoc �T�2d6 ' foE' �T2S�c �T�fd� ' fo= C��
�T�Hd� ' �oc �T2�d� ' �o= C21
�T�Hd� : �oc �T2�d� : �o= qrqh1

<5



Ghulyhg Vhulhv E?c ?� �c ?� 2�
�T.c �THd6 : �oc �T�2d� ' fo= C��
�THd6 ' �o= C2c C�1

Ghulyhg Vhulhv E?c ?� 2�
�TSd4 ' d�oo= C2c C��
�TSd4 ' dfc foo= C�c C2 n b2C��
�TSd4 *5 idfoc d�oc dfcfojo= C�1
�T2Dd6 ' �o= C2�
�T2Dd6 : �o= qrqh�

Ghulyhg Vhulhv E?c ?� 2c ?� ��
�Tbd6 5 ifc �joE' �T2Dd� ' fo�= C2/ C�1
�Tbd6 : �o= C�1

81515 Udqn Vhyhq
Ghulyhg Vhulhv E?�
�T�E' �T2H�c �T2d, : 2o= 51
�T�.d� ' �o= C21
�T2.= �2*��c zkhuh � dqg � duh gh�qhg dw wkh hqg ri wkh fkdswhu1
�T2b= ee5EC2 � 2C�*��1

Ghulyhg Vhulhv E?c ?� ��
�T�d, : �o= 51
�TDd4 ' d�oo= C2*Ce*�

� 1
�TDd4 ' dfc foo= EC2 n b2C��*Ce*�

� 1
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816 Dpdoglv Jurxsv Ri W|sh D
Wkh h{suhvvlrqv M� fdq eh irxqg lq Vxevhfwlrq 715151

81614 Orzhu Lqyduldqwv
Ghulyhg Vhulhv E?�
�TDc�dr : 2o= 5++c MeS�

Ghulyhg Vhulhv E?c ?� 2c ?� ec f�
�Tec�dr : �c � 	 | 	 ro= 5+c 5++�

81615 Udqn Vhyhq
Ghulyhg Vhulhv E?�
�T�2c�dr : �o= M2��

Ghulyhg Vhulhv E?c ?� �c ?� �c f�
�T��c�dr : ec � 	 | 	 ro= M��
�T2�c�dr : ec � 	 | 	 ro= M���
�T��c�dr : Dc � 	 | 	 r� �o= M2S�

Ghulyhg Vhulhv E?c ?� �c f�
�T2�c�d� n �n rnS�

�'� r� : .o= 5+�

Ghulyhg Vhulhv E?c ?� 2c ?� ec f�
�Tec�dr : �c | ' �o= M2�
�Tec�dr : �c | ' ro= M�b�

Ghulyhg Vhulhv E?c ?� 2c f�
�T2�c�d� n rn �nS�

�'� r� : .o= 5+�
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81616 Udqn Vl{
Ghulyhg Vhulhv E?�
�T22c�dr : �o= M2�c M2e�

Ghulyhg Vhulhv E?c ?� �c ?� �c f�
�T��c�dr : ec | ' �o= M�c M2�
�T��c�dr : ec | ' ro= M�c MH�
�T2�c�dr : ec | ' �o= M��c M�2�
�T��c�dr : Dc | ' �o= M2c M2S�
�T��c�dr : Dc | ' r� �o= M2Sc M�f�

Ghulyhg Vhulhv E?c ?� �c f�
�T�bc�dr : ec | ' �c ��c r� �o= %c 5+�
�T2fc�d� n ^ nS^

�'� r� : .o= 5+c 5++�

Ghulyhg Vhulhv E?c ?� 2c ?� ec f�
�T2�c�dr : ec | ' ro= M��c M�b�
�Tec�dr : �c | ' rn �o= M�bc Me��

81617 Udqn Ilyh
Ghulyhg Vhulhv E?c ?� �c ?� �c f�
�T��c�dr : ec | : ro= MDc MSc M.�
�T2�c�dr : ec | : ro= M�Dc M�Sc M�.�
�T2�c�dr : Do= M�Dc M�Sc M�.�
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Ghulyhg Vhulhv E?c ?� �c f�
�T�bc�dr : ec | ' ro= %c 5+c M2b�

Ghulyhg Vhulhv E?c f�
�T�Hc�dr : Dc | ' �c � � � c r� �o= %c 5+c 5++�

81618 Udqn Irxu
Ghulyhg Vhulhv E?c f�
�T�Hc�dr : Dc | ' ro= %c 5+c 5++c M2b�

Ghulyhg Vhulhv E?c ?� �c f�
�T�bc�dr : ec | ' rn �o= %c 5+c 55++c M2b�

81619 Udqn Wkuhh
Ghulyhg Vhulhv E?c f�
�T�Hc�dr : Dc | ' rn �o= %c 5c 5+c 5++c M2b�

817 Dpdoglv Jurxsv Ri W|sh F
Wkh h{suhvvlrqv U� fdq eh irxqg lq Vxevhfwlrq 715161

81714 Jurxs Sdudphwhu Uhodwhg Qxpehuv
Lq wklv vhfwlrq/ vrph ri wkh ghulyhg vhulhv lq wkh khdglqjv frqwdlq sdudphwhuv
olnh _/ ec hwf1
H{dpsoh= �Ghulyhg Vhulhv E?c ? � 2c &c f�� lqglfdwhv wkdw wkh jurxsv olvwhg
ehorz wkdw khdglqj kdyh d ghulyhg vhulhv ri wkh irup E?c ?� 2c &c f� iru vrph
& zlwk f � & � ?� 21

Wkhvh sdudphwhuv duh dfwxdoo| olqnhg wr wkh sdudphwhuv ri d fruuhvsrqglqj
jurxs/ d frpsohwh olvw ri wkhvh fruuhvsrqghqfhv lv jlyhq ehorz1
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Iru �T�c�Erc4 ' d6fc � � � c6,oc6�n� � 6� n r� zh gh�qh

_ G'
,3�[
�'f

d6�n� �6� : roc dqg

e G' dr 9' fo �4@ Efc
,3�[
�'f

6� n Er� ��E, � d6f ' fo� n
,32[
�'f

d6�n� �6� ' ro��

Iru �T�c�Erc4 ' d6fc � � � c6,oc6�n� � 6� n r� zh gh�qh

s G' 4@ Efc
,3�[
�'f

6� n Er� 2�E, � d6f ' fo���

Iru �T�fc� d* ' d,fc � � � c ,6oo zh gh�qh

} G'
6[
�'�

,��

Iru �T�2c� d� ' d��c c �6ocN ' ddE�,c���6�'�o6,'fooo zh gh�qh

& G'
6[
,'�

E�, n
[
�

�,c���

Iru �T��c� da ' ddE�6c���6�'for6'�oo zh gh�qh
� G' rn[ �6�

Iru �T�bc� drc � ' d�fc � � � c �6oo zh gh�qh

� G'
6[
&'f

�&r&/

zkhuh Er&�&Df lv wkh xqltxh vroxwlrq ri wkh lqlwldo ydoxh gl�huhqfh vhtxhqfh
sureohp

{Ef�
f ' rf G' fc E{E��

f G'
�rn 2

�
�
�rn��'� c {Ern2� � ��

Uhpdun= Qrwh wkdw d ghulyhg vhulhv ri wkh irup E?c ? � 2c ? � D � _c ec f�
pd| frqwdlq fdvhv olnh E?c ? � 2c ? � D � _c fc f� ' E?c ? � 2c ? � D � _c f�c
dqg E?c ? � 2c fc fc f� ' E?c ? � 2c f�/ wrr1 Wklv lpsolhv wkdw wkhuh pljkw eh
dowhuqdwlyh srvvlelolwlhv wr orrn diwhu d jurxs zlwk ghulyhg vhulhv E?c ?� 2c 2�1
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81715 Orzhu Lqyduldqwv
Ghulyhg Vhulhv E?�
�T2c� dr ' �c6f ' fc , ' �o= 5++c U���
�T2c� dr : fc6f : 4@ Efc 2� r�c , ' fo= 5+c 5++�
�T2c� dr : fc6f � 4@ Efc 2� r�c , ' �o= 5++�
�T2c� dr : fc6f � fc , : �o= qrqh�
�TDc� dr ' �c6f ' fc , ' �o= 5++c U���
�TDc� dr ' �c6f ' �c , ' fo= 5+c 5++c U���
�TDc� dr : fc6f : 4@ Efc 2� r�c , ' fo= 5+c 5++�
�TDc� dr : fc6f � 4@ Efc 2� r�c , ' �o= 5++�
�TDc� dr : fc6f � fc , : �o= qrqh�
�TSc� d4 ' dfc �oo= +c U�2c U���
�TSc� d, ' �c4 9' dfc �oo= +c U�2�
�TSc� d, : �o= +�
�T�.c� d6 ' fc ? : fo= 5%c d? ' �o5++�
�T�.c� d6 : fc ? ' fo= 5+c d6 ' �o5%%�
�T�.c� d6c? : fo= d6 ' �o5%%c d? ' �o5++�

Ghulyhg Vhulhv E?c ?� ��
�T2c� dr ' fc6f ' , ' �o= 5%%c 5++�
�T2c� dr ' fc6f : �c , ' �o= 5++�
�T2c� dr ' fc6f ' �c , : �o= 5%%�
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�T2c� dr ' fc4�?E6fc ,� : �o= qrqh�
�T�Dc� dR : fc4 ' d�oo= e@%c dR ' �o5++c UDe�
�T�Dc� dR : fc4 ' d6oc6 : �o= e@%c dR ' �o5++�
�T�Dc� dR : fc4 ' dfc foo= e@%c dR ' �o5++c UDD�
�T�Dc� dR : fc & : �c4 9' dfc foo= e@%c dR ' �o5++�
Ghulyhg Vhulhv E?c ?� �c ?� 2�
�T2c� dr : �c6f ' , ' fo= 5+c 5++�
�TDc� dr ' fc6f ' �c , ' fo= 5+c 5%%c 5++1
�TDc� dr ' fc6f ' �c , ' �o= 5%%c 5++1
�TDc� dr ' fc6f ' �c , : �o= 5%%�1
�TDc� dEr ' fc6f : �c , ' f� b Er : �c6f ' , ' f�o= 5+c 5++1
�TDc� dr ' fc6f : �c , ' �o= 5++�
�TDc� dr ' fc6f : �c , : �o= qrqh�
�TDc� dr ' �c6f ' , ' fo= 5+c 5++c U�f�
�T.c� d6 : �o= +�
�T�Sc� d, ' �c6 ' fo= d6 ' fo5%c d6 � �o5%%c 5++�
�T�Sc� d, : �c6 ' fo= d6 ' fo5%c d6 � �o5%%�
�T�.c� d6 ' ? ' fo= 5%c 5+c 5%+�
Ghulyhg Vhulhv E?c ?� 2c ?� ec ��
�TDc� dr ' 6f ' fc , ' �o= 5%c 5%+c 5++1
�TDc� dr ' 6f ' fc , : �o= 5%c 5%+1
�T�Sc� d, ' fc6 ' �o= 5+c 5%%c 5%+�
�T�Sc� d, ' fc6 : �o= 5+c 5%+�

<<



Ghulyhg Vhulhv E?c ?� 2c &c f�
�T�2c� d6 : fcNf 9' dfoc E6 ' � bNf ' d�o� , N� 9' dfocS �, nS�,c� : eo=

%Sc d6 ' �o5++c dN� ' dfooUHSc dNf ' N� ' d�ooUH.�

Ghulyhg Vhulhv E?c ?� 2c ?� e� r� ,c f�
�T�c� dr 5 ifc �jc4 ' d6fc6�oc6f : �rc6f n6� : 2� ro= 5++�
�T�c� dr ' fc , : �c6,3� ' �c6, ' �o= 5%%�
�T�c� dr ' fc , : �c6,3� ' fc6, : �o= 5%+�
�T�c� dr 5 ifc �jc , : �c6,3� : fc6, : �o= qrqh�

Ghulyhg Vhulhv E?c ?� 2c ?� D� ,c sc f�
�T�c� dr : �c4 ' d6oc6 : 4@ Efc �� r�o= 5+c 5++�
�T�c� dr : �c , ' �o= 5++�
�T�c� dr : �c , : �o= qrqh�

Ghulyhg Vhulhv E?c ?� 2c ?� D� _c ec f�
�T�c� dr ' fc4 ' dfc6oc6 : �o= 5%+c 5++�
�T�c� dr ' fc4 ' d�c �oo= 5%%c 5++�
�T�c� dEr ' fc , ' �c6f : fc6� : �� b Er : fc , ' �c4 9' dfc �o�o= 5++�
�T�c� dr ' fc , : �c6,3� ' fc6, ' �o= 5%%c 5%+�
�T�c� dr ' fc , : �c6,3� ' fc6, : �o= 5%+�
�T�c� dr ' fc , : �c6,3� ' 6, ' �o= 5%%�
�T�c� dEr ' fc , : �c6,3� : fc6, : �� b Er : fc , : ��o= qrqh�
�T�c� dr : fc4 ' d6oc6 � 4@ E�� rc ��oo= 5+c 5++�
�T�c� dr ' �c4 ' dfc �oo= 5++c U���
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Ghulyhg Vhulhv E?c ?� �c ?� e� �c f�
�T��c� dr ' �c �� : fc �� nS ��c� : 2c i��c�j 9' ifjo=

eS%c d��cf ' �o5++c d�� ' �oUDec d��c� ' foU.��
�T��c� dEEr ' 2cS �6 nS �6cf : �� b Er : 2��c i�6c�j 9' ifjo=

eS%c di�6c�j � ifc �jo5++c dr ' 2c �� ' �2 ' foUDDc
d<-� G ��cf ' @ : fc i�6c�jE6c���'

E�cf� ' ifjoU..1
Ghulyhg Vhulhv E?c ?� �c ?� S� _c ec f�
�Tec� dr ' fc4 ' d6oc6 : �o= 5+c 5%+c 5++�
�Tec� dr ' fc4 ' dfc6oc6 : �o= 5%+c 5++�
�Tec� dr ' fc4 ' d�c �oo= 5%%c 5++�
�Tec� dr � fc , ' �c r ' f , 6f : fc4 9' d�c �oc r ' � , 4 9' dfc �oo= 5++�
�Tec� dr ' �c4 ' d�oo= 5+c 5++c U���
�Tec� dr : fc4 ' d6oc6 : 4@ Efc 2� r�o= 5+c 5++�
�Tec� dr ' �c4 ' dfc �oo= 5++c U���
�Tec� dr : �c4 ' dfoo= 5+c 5++c Ub�
�Tec� dr ' fc , : �c6, ' fo= 5%c 5%%c 5%+�
�Tec� dr ' fc , : �c6,3� ' fc6, ' �o= 5%%c 5%+�
�Tec� dr ' fc , : �c6,3� ' fc6, : �o= 5%+�
�Tec� dr ' fc , : �c6,3� ' �c6, ' �o= 5%%�
�Tec� dEr ' fc , : �c6,3� : fc6, : �� b Er : fc , : ��o= qrqh1
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Ghulyhg Vhulhv E?c ?� �c f�
�T��c� dR ' �c &� ' �c ,�cf : �c ,�c� : fo= e@%nK+c 2@�_�c2 � _�ce�
�T��c� dR ' �c &� : �c ,�cf n ,�c� : �o=

e@%nK+c d,�cf ' �oE2K�_�c� � _�cS�c d,�c� ' foE@2�_�c� � _2cD��
�T��c� dw ' dd,�cfc foc dfooc ,�cf : �o= e@%nK+c @2�@2_�c2c� � _2cecD�
�T��c� dw ' dd�c �oc dfooo= e@%nK+c _�cecS � 2@�_�c2cS n 2K�_�c�ce n e@�K�_�c2c��
�T��c� d! ' dfc foc ,�cfc ,2cf : fc ,�cf n ,2cf : 2o= e@%nK+c @�@2_�c2 � _2ce�
�T��c� d! ' d&�c foc &� : �cS ,�c& � �c ,2cf ' fo=

e@%nK+c dS ,�c& ' �oEK2�K2_�c2c� � _�cDcS��
�T��c� dw ' dd�c foc *2oc *2 5 id�oc dfc foc d�c fojo=

e@%nK+c 2EK� n K2�E@�K2 � @2K��_�c2c� � EK2 � K��_�cecS n 2E@2 � @��_�cDcS�
�T��c� d! ' d&�c foc &�c ,2cf : fc &� n ,2cf : 2cS ,�c& ' fo= e@%nK+c @�@2_�c� � _2cD�
�T��c� d! ' d&�c &2oc &�&2E&� n &2� : 2cS ,�c& ' fo= e@%nK+c K�K2_�c� � _�cS�
�T��c� d! ' d&�c fc foc &� : �cS ,�c& ' fo=

e@%nK+/ d@2EK� n K��� @�EK� n K2�o_�c2c� � EK� � K2�_�c2cD n E@� � @2�_�c2cS�
�T��c� dw ' dd,�cfoc dfoc dfooc ,�cf : �o=

e@%nK+c @�E@� � @2�_�c2c� n EK� � K2�_�c2ce n E@� � @2�_�c2cD�
�T��c� dw ' dd�oc d�oc dfooo= E@� � @2�E@� � @��dE@2 � @��_�c2c�cS � 2EK2 � K��_�c2c�cDo

nS�c�Mt�c2c��.,c�:�
,<� E���,E@� � @��EK2, � 2K�K,�_�c2c�ce/ e@%nK+1

�T��c� dw ' dd�c foc dfoc dfooo=
EK2 � K��EK� � K��_�c2c�ce n E@2 � @��E@� � @��_�c2c�cS�dE@2 � @��EK� � K�� n E@� � @��EK2 � K��o_�c2c�cD/ e@%nK+�

�T��c� dw ' ddfc foc d�oc dfooo=
e@%nK+c E@� � @2�EK� � K��iEK2 � K��2_�c2c�ce n E@2 � @��2_�c2c�cSj�

d@2�EK��K2�2n@2E@2�2@��EK��K��EK�nK��2K2�n@�E@��2@��EK2�K��2o_�c2c�cD�
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�T��c� dw ' ddfc foc dfc foc dfooo= EK��K��EK��K2�dEK2�K��_�c2c�ce�2E@2�@��_�c2c�cDo
ndE@� � @2�2K� � E@� � @��2K2 � E@2 � @��E@� n @2 � 2@��K�o_�c2c�cSc e@%nK+�

�T��c� dw ' dd�oc dfoc dfoc dfooo= ESe
,'�E���,EK2, �2K�K,�T�:�

�c�M7e.t,�E@��@���_�c2c�cecD��Te
,'2E@, � @��S�c�Mt2c�ce�.,c�:�

,Mt2c�ce� E���,E@� � @��K,_�c2c�cecS/ e@%nK+�
�T��c� dw ' ddfc foc dfoc dfoc dfooo=

ESe
,'�E���,E@2, � 2@�@,�T�:�

�c�M7e.t,�EK� � K���_�c2c�cecD��Te
,'2EK, � K��S�c�Mt2c�ce�.,c�:�

,Mt2c�ce� E���,EK� � K��@,_�c2c�cecS/ e@%nK+�
�T��c� dw ' ddfoc dfoc dfoc dfoc dfooo= e@%nK+c _�c2c�cecDcS�
�T��c� dudqn H> w rwkhu wkdq deryho= e@%nK+�

81716 Udqn Vhyhq
Ghulyhg Vhulhv E?�
�T2c� dr ' 6f ' �c , ' fo= U��*E5++U.�2�
�TSc� d4 ' d6oc6 : �o= U2b�
�THc� d6 : 2o= U2H�
�T�ec� d6 : fc , : �o= %�

Ghulyhg Vhulhv E?c ?� ��
�T2c� dr ' fc6f : �c , ' fo= U.�
�T�Dc� dR : �c4 ' dfoo= UD��

Ghulyhg Vhulhv E?c ?� 2c ?� Dc f�
�T�c� dr ' fc4 ' d6oc6 : 2o= U.*USS�
�T�c� dr ' fc4 ' f,c ? : �o= U�*US2�
�T�c� dr : 2c4 ' dfoo= Ub*E52+U�*S. ��
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�T�c� dr ' fc4 ' dfc6oc6 : 2o= EU�D��'�e�
�T�c� dr ' �c4 ' d6oc6 : 2o= U�H�
�T�c� dr : �c4 ' dfoo= U2f�
�T�2c� d6 : 2cNf ' d�ocN� ' dfoo= %UHS*UHe�
�T�2c� d6 : �c �f ' 2c �� ' �c i�,c�j ' ifjo= %UHS*UHD�
Ghulyhg Vhulhv E?c ?� 2c }c f�
�T�fc� d6 : fc ,f : �cS6

�'f ,� : eo= %1

Ghulyhg Vhulhv E?c ?� 2c �c f�
�T�bc� dr � fc , : fc r ' f , � 9' dfc �oo= %1

Ghulyhg Vhulhv E?c ?� 2c ��
�T2c� dr ' 6f ' fc , : �o= U��
�T�Dc� dR ' fc n4n� n & : 2o= US�

Ghulyhg Vhulhv E?c ?� 2c �c f�
�T�c� dr ' fc , : 2c6,3� ' fc6, ' �o= EU�D��'�2�
�T�2c� d6 ' �cN� ' dfoc �f nS�fc� : �o= %5++*UHS�

Ghulyhg Vhulhv E?c ?� 2c f�
�Tbc� dvl}h: ./ udqn .o= %�
�T�bc� dr � fc � ' d�oc � : 4@ E�c �� r�o= %1

Ghulyhg Vhulhv E?c ?� �c ?� Dc f�
�T��c� dr ' �c �� ' fc ��cf : 2o= UD��
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Ghulyhg Vhulhv E?c ?� �c ?� .c f�
�Tec� dr ' fc4 ' dfc �oo= U22�

Ghulyhg Vhulhv E?c ?� �� rc f�
�T�Hc� dr � fc , : fc r ' f , � *5 idfc �oc d�c �ojo= %1
Ghulyhg Vhulhv E?c ?� �c f�
�T��c� dR ' �c &� ' �c ,�cf : 2c ,�c� ' fo= E@2�_�c� � _2cD�*E@2�_�c2 � _2ce��
�T��c� dR ' �c &� : 2c ,�cf ' �c ,�c� ' fo= EK2�_�c� � _�cS�*E@2�_�c� � _2cD��
�T��c� dR ' 2c &� ' &2 ' fc ,�cf : 2c ,2cf ' fo= EK�K2_�c2 � _�cD�*E@�@2_�c2 � _2ce��
�T��c� dR ' 2c &� : 2c &2 ' fcS ,�c& ' fc ,2cf ' fo=

EK�K2_�c� � _�cS�*E@�@2_�c� � _2cD��
�T��c� dr � �c rnS �6 : �c i�6c�j ' ifjo= US1
81717 Udqn Vl{
Ghulyhg Vhulhv E?�
�T�ec� d6 : 2c , ' �o= %c UeH�

Ghulyhg Vhulhv E?c ?� �c ��
�T�ec� d6 ' fc , : �o= %c US�

Ghulyhg Vhulhv E?c ?� 2c ?� e�
�T�c� dr ' fc4 ' d6oc6 : �o= EU�S�@'.�'Sc.�

Ghulyhg Vhulhv E?c ?� 2c ?� ec f�
�T�2c� d6 : �cNf ' dfoo= UH�*U.Hc %UHS*U.H�

Ghulyhg Vhulhv E?c ?� 2c6� �c f�
�T�fc� d6 : ec ,f ' �o= %c Ue.*UeH�
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Ghulyhg Vhulhv E?c ?� 2c f�
�T�c� dr ' fc , : �c6, ' fo= EU�S�@'��'2c��
�Tbc� dw ' dd,c �ooc , : eo= %c ES2�e�c� � e�cS�*ES2�e�c2 � e�cD��
�Tbc� dr ' �c6� : �c ,�cf ' 2c ,�c� ' �o= %c e�c2c�cD*e�c2ce�
�Tbc� dw ' dd,oc d�ooc , : eo= %c ES2e�c� � e�cS�*E[�2c�e�c� �[2c�e2cD�1
�Tbc� d4 ' d6c foc6 : �c ,�c� ' �o=

%c ES2e�c2 � e�cD�*E[��2c�e�c2 �[�2c�e�ce n[2c�e2ce�1
�T�fc� d6 ' fc ,f : eo= %c US1
�T�2c� d6 ' fc �f nS�fc� : eo= EU��H��'H2�
�T�bc� dr : 2c � ' d�oo= %c UDb1

Ghulyhg Vhulhv E?c ?� �c f�
�T��c� dR ' �c &� ' fc ,�cf : �o= U*_�c2c U 5 i_�cec _�cDj�
�T��c� dR ' �c &� : �c ,�cf ' fo= E_23�cDn�*_�c����'f�

Ghulyhg Vhulhv E?c ?� �� rc f�
�T�Hc� dr � fc � ' d�oc � : 4@ E�c e� r�o= %c U.1

81718 Udqn Ilyh
Ghulyhg Vhulhv E?c ?� 2c f�
�Tbc� dw ' dd,ooc , : Do= %c e*e�cS/ zkhuh e 5 ie�c�c e2cDj1
�Tbc� dr ' �c6f : ec ,�cf ' �oo= %c e*e�c2/ e 5 ie�ce/e�cDj1
�T�bc� dr : �c � ' dfoo= %c EU��D.�'DS1

Ghulyhg Vhulhv E?c �c f�
�T�Hc� dr : �c � ' d�oo= %c U.c UDb1
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81719 Udqn Irxu
Ghulyhg Vhulhv E?c f�
�T�Hc� dr : ec � ' dfoo= %c EU��SD�'S�1

818 Dpdoglv Jurxsv Ri W|sh G
Wkh h{suhvvlrqv a� fdq eh irxqg lq Vxevhfwlrq 715171

81814 Orzhu Lqyduldqwv
Ghulyhg Vhulhv E?�
�T2c(dr ' �oc �TDc(dr ' �o= 5+c ae1
�T2c(dr : �oc �TDc(dr : �o= 5+1
�T�.c(= 5%c 5+1

Ghulyhg Vhulhv E?c ?� �c ?� 2�
�TDc(dr ' fo= 5%/ 5+c a21
�T�Sc(= 5%c 5+c a��

Ghulyhg Vhulhv E?c ?� �c ?� �c ��
�T�c(dr : �oc �T�c(dr : 2o= 5+c a2�

Ghulyhg Vhulhv E?c ?� 2c ?� ec ��
�Tec(dr ' �o= 5+c a2c ae1
�Tec(dr : �o= 5+c a2�

81815 Udqn Vhyhq
Ghulyhg Vhulhv E?c ?� �c ��
�T2fc(dS r� n , : �o= a2c��
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Ghulyhg Vhulhv E?c ?� 2c ��
�T2�c(dS r� n rn , : �o= a2c��

81816 Udqn Vl{
Ghulyhg Vhulhv E?c ?� �c ��
�T�bc(dr : �o= %/ a2c�1
Ghulyhg Vhulhv E?c ��
�T�Hc(dr : 2o= %/ a2c�1

819 Plvvlqj Gh�qlwlrqv
Wkh gl�huhqwldo sro|qrpldo � lq wkh lqyduldqw edvlv �2�3� ri �T2. lv gh�qhgdv

5S5�++ n S5D52++E5%+ � 52+�n
�5e5++Ee5e+ n e52%+ n 5%%5++ � 252+5%+ � H5%5+5++�n
25�E�e5S+ n e5�%+ � b52%52++ n S52+52%+ � S5e+5%+ n �f5%5�+5++

n�52+5%%5++ n S5%%5%+5++ � �f5%5+5++5%+�n
�52E�f5e+5%% n �f52+5%%5%+ n 52%%5++ � e5%5+5%%5++ � �25%5�+5%+ � H5%5D+��H52%5%+5++ n e5%%52%+ n eS52%52+5++ � H5%5+52%+�n
5E�25%5+5%%5%+ n Sf5%5�+5%% � 2e52%5e+ � �DS52%52+5%+ n �ee5�%5+5++��H52%5%%5++ � �S52%52%+ n S52%%5%+ n �252+52%%�n
�25%5+52%% n De5e%5++ � �H52%5%%5%+ � .25�%5+5%+ � H5�%5�+ n �f52%52+5%% n 5�%%/

dqg � lv gh�qhg dv
5e52++ n 5�Ee5%+5++ � e52+5++�n
52Ee5e+ n e52%+ n e52+5%+ n 25%%5++ � �S5%5+5++�n
5EH5%5�+ n H52+5%% � �252%5++ n e5%%5%+ � H5%5+5%+�n
52%% n e52%52+ n H5%5+5%% � �252%5%+�
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Fkdswhu 9
H{dpsohv dqg Frqfoxvlrq
Lq wklv �qdo fkdswhu/ zh �uvw vkrz krz wr �qg wkh v|pphwu| jurxsv ri jlyhq
SGHv lq rxu olvw ri vsdfh jurxsv1 Zh ghprqvwudwh wklv rq wzr fodvvlfdo SGHv/
wkh Exujhuv htxdwlrq dqg wkh Nruwhzhj gh Yulhv htxdwlrq/ lq Vhfwlrq 914
+�Vrph Fodvvlfdo Htxdwlrqv�,1 Lq Vhfwlrq 915 +�Kljkhu Lqyduldqwv= Lqyduldqw
Gl�huhqwldwlrq�, zh lqglfdwh wkh h{whqvlrq ri Olh*v kljkhu lqyduldqwv irupxod
714 wr SGHv1 Ilqdoo|/ lq Vhfwlrq 916 +�Frqfoxvlrq�,/ zh h{sodlq zkdw lv ohiw
dqg krz wr surfhhg wr frpsohwh jurxs fodvvl�fdwlrq iru vhfrqg rughu SGHv
lq rqh ghshqghqw dqg wzr lqghshqghqw yduldeohv1

914 Vrph Fodvvlfdo Htxdwlrqv
Lq wkh iroorzlqj vxevhfwlrqv zh lghqwli| wzr fodvvlfdo SGHv zlwk rqh ghshq0
ghqw dqg wzr lqghshqghqw yduldeohv zlwklq wkh olvw ri vsdfh jurxsv= Exujhuv
htxdwlrq dqg wkh Nruwhzhj gh Yulhv htxdwlrq1

Wkh pdlq gl!fxow| ruljlqdwhv iurp wkh idfw wkdw lq jhqhudo wkh| zloo
qrw eh lq fdqrqlfdo irup/ l1h1 d vxlwdeoh yduldeoh wudqvirupdwlrq kdv wr eh
ghwhuplqhg iurp wkh dfwxdo yduldeohv lq zklfk wkh htxdwlrq lv jlyhq/ wr wkh
fdqrqlfdo yduldeohv fruuhvsrqglqj wr lwv v|pphwu| w|sh1 Wkh ghwdlov ri wklv
surfhgxuh duh ghvfulehg lq Vxevhfwlrq 517 +�Edvlf Qrwlrqv iru Olh Dojheudv�,1
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91414 V|pphwulhv ri Exujhuv Htxdwlrq
Lq rughu wr �qg rxw zkhuh wkh v|pphwu| jurxs ri wkh vr fdoohg Exujhuv
htxdwlrq

5% n 55+ n 5++ ' f
lv frqwdlqhg lq rxu vsdfh jurxs olvw/ zh vwduw zlwk wkh iroorzlqj vhw ri jhqhu0
dwruv wkdw zdv gluhfwo| frpsxwhg iurp wkh htxdwlrq=

iY%c Y+c 5Y5 � 2%Y% � +Y+c %Y+ n Y5c E%5 � +�Y5 � %2Y% � %+Y+j� +EH,
Lw lv d �yh sdudphwhu jurxs/ vr zh zloo wu| wr �qg lw lq wkh olvw jlyhq lq
Vxevhfwlrq 71616 +�Jurxsv zlwk Ilyh Jhqhudwruv�, zklfk frqwdlqv doo �yh
sdudphwhu jurxsv/ h{fhsw Dpdoglv jurxsv ri w|sh E1 Lq rughu wr �qg d jurxs
vlplodu wr +EH,/ zh frqvlghu lwv ghulyhg vhulhv/ zklfk lv lqyduldqw xqghu srlqw
wudqvirupdwlrqv1 Iru +EH, wkh glphqvlrq ri lwv ghulyhg dojheud lv �yh/ dv fdq
eh vhhq e| wkh wdeoh ri frppxwdwruv=599997

f f �2f� f2 f�
f f �f2 f �fe

2f� f2 f �fe �2fD�f2 f fe f f�f� fe 2fD f f

6::::8 �

Rqo| wkh iroorzlqj irxu jurxsv rxw ri wkh olvw jlyhq lq Vxevhfwlrq 71616 kdyh
d ghulyhg dojheud ri glphqvlrq �yh=

�T2d, ' �o ' i%Y+c %Y% � +Y+c +Y%c Y%c Y+j=599997
f �2f� f2 �fD f

2f� f �2f� �fe fD�f2 2f� f f �fe
fD fe f f f
f �fD fe f f

6::::8 c

�T�� ' iY%c Y+c %Y+ n Y5c %Y% � +Y+ � 25Y5c +Y% � 52Y5j=599997
f f f2 f� f
f f f �f2 f��f2 f f �2f� fe�f� f2 2f� f �2fD
f �f� �fe 2fD f

6::::8 c
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�T�2c�dr ' �o 'iY+c %Y+ n Y5c Y%c 2%Y% n +Y+ � 5Y5c %2Y% n %+Y+ n E�%5 n +�Y5j=599997
f f f f� f2
f f �f� �f2 f
f f� f 2f� fe�f� f2 �2f� f 2fD�f2 f �fe �2fD f

6::::8 c

�T22c�dr ' �o ' iY+c %Y+c Y%c 2%Y% n +Y+ n 5Y5c %2Y% n %+Y+ n 5E%n S52�Y5j=599997
f f f f� f2
f f �f� �f2 f
f f� f 2f� fe�f� f2 �2f� f 2fD�f2 f �fe �2fD f

6::::8 �

Dfwxdoo|/ zh vhh wkdw wkh wklug ri wkhvh jurxsv/ �T�2c�dr ' �o/ lv jhqhudwhg e|
wkh vdph vhw ri jhqhudwruv/ xs wr vljq/ dv +EH,1

91415 V|pphwulhv ri wkh Nruwhzhj gh Yulhv Htxdwlrq
Wkh Nruwhzhj gh Yulhv htxdwlrq

5% ' 55+ n 5+++
zdv frqvlghuhg wkh �uvw wlph lq wkh frqwh{w ri vrolwrq vroxwlrqv1 Lwv v|pphwu|
jurxs lv jhqhudwhg e|

iY%c Y+c �Y+ � Y5c �%Y% n +Y+ � 25Y5j� +NgY,
Wkh glphqvlrq ri lwv ghulyhg dojheud lv wkuhh/ dv fdq eh vhhq e| lwv wdeoh ri
frppxwdwruv= 5997

f f f2 �f�
f f f f2�f2 f f �2f���f� �f2 2f� f

6::8 �
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Wkh wzlfh ghulyhg dojheud lv ri glphqvlrq rqh/ zklfk fdq eh vhhq e| wkh
frppxwdwru wdeoh ri if�c f2c f�j=57 f f f2

f f f�f2 f f

68 �

Frqvlghulqj wkrvh wkh irxu sdudphwhu jurxsv ri Vxevhfwlrq 71617 +�Jurxsv
zlwk Irxu Jhqhudwruv�, zlwk wkh vdph ghulyhg vhulhv Eec �c �c f�/ zh �qg wkdw
�T��c�dr ' �c | ' �o ' iY+c %Y+ n Y5c Y%c %Y% n S+Y+ n ES� ��5Y5j lv vlplodu wr
+NgY,1 Iluvw ri doo zh uhrughu �T��c�dr ' �c | ' �o wr

iY%c Y+c %Y+ n Y5c %Y% n S+Y+ n ES� ��5Y5jc
wkhq zh pxowlso| wkh odvw jhqhudwru e| � dqg fkrrvh S ' �

� / ohdglqj wr
iY%c Y+c �Y+ n Y5c �%Y% n +Y+ � 25Y5jc +LS4D4*,

zklfk kdv wkh vdph frppxwdwru wdeoh dv +NgY, dqg khqfh lv lvrprusklf wr
lw1 Lq rughu wr vkrz wkdw +LS4D4*, lv dovr vlplodu wr +NgY,/ zh kdyh wr �qg
d frruglqdwh fkdqjh % ' %E%c +c 5�c + ' +E%c +c 5�c 5 ' 5E%c +c 5� vxfk wkdw wkh
jhqhudwruv 7f� ' 71��Y%n71�2Y+ n71��Y5 dqg f� ' 1��Y%n 1�2Y+ n 1��Y5 ri +NgY,dqg +LS4D4*,/ uhvshfwlyho|/ duh uhodwhg e|57 71��71�271��

68 '
57 %% %+ %5

+% ++ +55% 5+ 55

68 �
57 1��1�21��

68 c � ' �c � � � c e1

Wkh frruglqdwh fkdqjh % ' %c + ' +c 5 ' �5 dfklhyhv wklv/ vlqfh57 71��71�271��

68 '
57 1��1�2�1��

68 / � ' �c � � � c e1

ohdgv wr
iY%c Y+c �Y+ � Y5c �%Y% n +Y+ n 25Y5jc

l1h1 wr
iY%c Y+c �Y+ � Y5c �%Y% n +Y+ � 25Y5jc
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zklfk lv mxvw +NgY, lq wkh qhz frruglqdwhv %c +c 51
Vxssrvh zh zhuh jlyhq d jurxs vlplodu wr +NgY,/ h1 j1

if�c f2c f�c fejc +NgY*,
zkhuh f� ' �+Y+ n Y5c f2 ' %Y%c f� ' *L}E �+ �%Y% � Y5c fe ' % *L}E%�Y% �
�+ *L}E �+ �Y+ndD *L}E �+ ��25oY5/ dqg zrxog olnh wr surri lwv vlplodulw|1 Iluvw zh
qrwh wkdw +NgY*, kdv wkh vdph frppxwdwru wdeoh dv +NgY,/ khqfh lw vdwlv�hv
d qhfhvvdu| frqglwlrq iru vlplodulw|1 Ohw xv ghqrwh wkh jhqhudwruv ri +NgY,
e| f� ' Y%c f2 ' Y+c f� ' �Y+ � Y5c fe ' �%Y% n +Y+ � 25Y5� Zh qrwh wkdw
f�/ f2 dqg f� duh xqfrqqhfwhg/ zkhuhdv

fe ' �%f� n E+ � 25%�f2 n 25f�� +Uho NgY,
Zh dovr qrwh wkdw wkh jhqhudwruv f�/ f2 dqg f� ri +NgY*, duh xqfrqqhfwhg/
zkhuhdv
fe ' � *L}E�+ �f� n d*L}E%�� 25 *L}E�+ � n 2 *L}E�+ �

2of2 n d25 � 2 *L}E�+ �of��
+Uho NgY*,

Qrz/ +Uho NgY, dqg +Uho NgY*, ohdg wr wkh iroorzlqj htxdwlrqv
�% ' � *L}E�+ �c

+ � 2%5 ' *L}E%�� 25 *L}E�+ � n 2 *L}E�+ �
2c

25 ' 25 � 2 *L}E�+ ��
Vroylqj wkhp zlwk uhvshfw wr %c + dqg 5 jlyhv

% ' e+c + ' e3%c 5 ' 5 n %c
d fkdqjh ri yduldeohv wkdw hvwdeolvkhv wkh vlplodulw| ri +NgY, dqg +NgY*,1

91416 Wkh Khdw Htxdwlrq
Wkh khdw htxdwlrq

5%% � 5+ ' f +Khdw,
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lv dq h{dpsoh ri d vhfrqg rughu SGH zkrvh v|pphwu| jurxs lv qrw frqwdlqhg
lq rxu olvw ri vsdfh jurxsv1 Lqvwhdg/ zh xvh lw wr ghprqvwudwh wkh frpsxwd0
wlrq ri v|pphwu| jhqhudwruv dqg wkhlu xvh lq �qglqj lqyduldqw vroxwlrqv1 D
qhfhvvdu| dqg vx!flhqw frqglwlrq iru dq lq�qlwhvlpdo jhqhudwru

f ' 1�E%c +c 5�Y% n 12E%c +c 5�Y+ n #E%c +c 5�Y5 +VJ,
wr eh dgplwwhg e| +Khdw, lv

fE2�E5%% � 5+� ' f zkhq +Khdw,1 +G,
Khuhe| fE2� lv wkh vhfrqg rughu surorqjdwlrq ri f
fE2� ' 1�Y% n 12Y+ n #Y5 n #E��� Y5% n #E��2 Y5+ n #E2��� Y5%% n #E2��2 Y5%+ n #E2�22 Y5++ c
zkhuh #E��� c #E��2 c #E2��� c #E2��2 c #E2�22 duh gh�qhg dw wkh hqg ri Vxevhfwlrq 51514 +�H{0
whqghg Lq�qlwhvlpdo Wudqvirupdwlrqv�,1 Vlqfh wkh ghwhuplqlqj htxdwlrq +G,
lv sro|qrpldo lq 5%c 5+c 5%%c 5%+c 5++/ dqg vlqfh 1�c 12c # rqo| ghshqg rq %c +c 5c
zh pd| htxdwh wkh frh!flhqwv ri 5%c 5+c 5%%c 5%+c 5++ +dqg wkhlu srzhuv, lq
+G, wr }hur1 Wkh uhvxow lv dq ryhughwhuplqhg v|vwhp ri olqhdu krprjhqhrxv
htxdwlrqv lq 1�c 12c # dqg wkhlu sduwldo ghulydwlyhv xs wr rughu wzr/ fdoohg
ghwhuplqlqj v|vwhp1

Lq rxu fdvh/ wkh ghwhuplqlqj htxdwlrq +G, lv
#E2��� � #E��2 ' f zkhq 5%% ' 5+� +GH,

Lq wkh vhtxho zh wuhdw +GH, dv #E2��� � #E��2 ' f/ zkhuh hyhu| rffxuuhqfh ri 5%%
lv uhsodfhg e| 5+1 Wkh frh!flhqw ri 5%+ lq +GH, lv

�2E12�% � 25%E12�5�
Khqfh zh nqrz E12�% ' E12�5 ' f/ l1h1

12 ' 12E+�� +N4,
Qrwlqj wklv/ wkh frh!flhqw ri 5+ lq +GH, lv

�25%E1��5 n E12�+ � 2E1��%�
Iurp wklv/ zh frqfoxgh

1� ' 1�E%c +�c +N5,
E12�+ ' 2E1��%�
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E| +N4,/ wkh vhfrqg htxdwlrq lv htxlydohqw wr
1� ' i�2E12�+j%n�E+�� +N6,

Frqvlghulqj +N4/ N5/ N6,/ zh fdq ylhz +GH, qrz dv sro|qrpldo lq 5% ri
ghjuhh wzr=

#5552% n i�2E12�++ n�+ n 2#%5j5% n i#%% � #+j� +GH*,
Frqvlghulqj wkh frh!flhqw ri 52%c zh kdyh #55 ' f/ l1h1

# ' sE%c +�5 n }E%c +�� +N7,
Frqvlghulqj wkh frh!flhqw ri 5f% lq +GH*,/ zh kdyh #%% ' #+/ l1h1

s%% ' s+/ }%% ' }+� +N8,
Ilqdoo|/ e| frqvlghulqj wkh frh!flhqw ri 5�% lq +GH*,/ zh kdyh

�
2E12�++%n�+ n 2s% ' f� +N9,

Vxppdul}lqj/ e| +N4/ N5/ N6/ N7/ N8/ N9, zh qrz ghdo zlwk wkh iroorzlqj
v|vwhp=

1� ' 1�E%c +�c 12 ' 12E+�c # ' sE%c +�5 n }E%c +�c +H4,
1� ' i�2E12�+j%n�E+�c +H5,

s%% ' s+/ }%% ' }+c +H6,
�
2E12�++%n�+ n 2s% ' f� +H7,

Zh qrwh wkdw }c d vroxwlrq ri wkh ruljlqdo krprjhqhrxv htxdwlrq +Khdw,/
fruuhvsrqgv wr wkh wulyldo lq�qlwh0sdudphwhu Olh jurxs

7% ' %c 7+ ' +c 75 ' 5 n 0}E%c +�c zkhuh }%% ' }+/
wkdw lv dgplwwhg e| hyhu| olqhdu SGH1 Qrqwulyldo v|pphwulhv dulvh iurp wkh
uhpdlqlqj htxdwlrqv1 Iurp +H7, zh frqfoxgh wkdw s%%% ' f/ l1h1

sE%c +� ' ��E+�%2 n �2E+�%n ��E+��
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E| wklv dqg +H6, zh frqfoxgh
2��E+� ' � ��E+�%2 n � �2E+�%n � ��E+�c

dqg khqfh zh kdyh
sE%c +� ' S�%2 n S2%n 2S�+ n S�� +H8,

E| wklv dqg +H7, zh kdyh
�
2E12�++ n eS� ' fc

�+ n 2S2 ' fc
dqg khqfh

12E+� ' �eS�+2 n K�+ n K2c +H9,
�E+� ' �2S2+ n 7@� +H:,

Vxppdul}lqj/ e| +H4/ H5/ H8/ H9/ H:, wkh �qdo uhvxow lv
1�E%c +� ' �eS�%+ n �

2K�%� 2S2+ n @c
12E+� ' �eS�+2 n K�+ n K2c

#E%c +c 5� ' iS�%2 n S2%n 2S�+ n S�j5�
Wkh lq�qlwhvlpdo jhqhudwru

f ' 1�E%c +�Y% n 12E+�Y+ n #E%c +c 5�Y5
khqfh uhsuhvhqwv d vl{0sdudphwhu jurxs lq wkh sdudphwhuv @c K�c K2c S�c S2c S��
Wkh vdph Olh dojheud lv vsdqqhg e| wkh iroorzlqj vl{ jhqhudwruv/ hdfk ri
zklfk fruuhvsrqgv wr d rqh0sdudphwhu jurxs=
f� ' Y%c f2 ' Y+c f� ' %Y% n 2+Y+c fe ' e%+Y% n e+2Y+ � E%2 n 2+�5Y5c

fD ' 2+Y% � %5Y5c fS ' 5Y5�
Wkh frppxwdwru wdeoh fruuhvsrqglqj wr u ' if�c f2c f�cfecfDcfSj lv59999997

f f f� 2fD �fS f
f f 2f2 ef� � 2fS 2f� f�f� �2f2 f 2fe fD f�2fD �ef� n 2fS �2fe f f f
fS �2f� �fD f f f
f f f f f f

6::::::8 c
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lwv ghulyhg vhulhv lv ES�1
Ohw xv frqvlghu wkh lq�qlwhvlpdo jhqhudwru fe/ zklfk fruuhvsrqgv wr wkh

sdudphwhu S�� Wkh rqh0sdudphwhu Olh jurxs ri wudqvirupdwlrqv
7%E%c +c 5c "�c 7+E%c +c 5c "�c 75E%c +c 5c "� +OW,

fruuhvsrqglqj wr fe ' e%+Y% n e+2Y+ � E%2 n 2+�5Y5 lv rewdlqhg e| vroylqj
wkh lqlwldo ydoxh sureohp

E7%c 7+c 75�d" ' fo ' E%c +c 5� +LYS,
iru wkh iroorzlqj �uvw rughu v|vwhp ri RGHv=

_7%
_0 ' e7%7+c +RGH{,
_7+
_0 ' e7+2c +RGH|,
_75
_0 ' �E7%2 n 27+�75� +RGH},

Wkh vroxwlrq ri +RGH|, lv 7+ ' �
�3e" / dqg e| +LYS, zh rewdlq

7+E%c +c 5c "� ' +
�� e"+ � +VRO|,

E| wklv dqg +RGH{, zh jhw 7% ' �
�3e"+ / dqg e| +LYS, zh rewdlq

7%E%c +c 5c "� ' %
�� e"+ � +VRO{,

Vlploduo|/ e| +VRO{/ VRO|/ RGH}, dqg +LYS, zh rewdlq

75E%c +c 5c "� ' 5s�� e"+ i TE� "%2

�� e"+ �� +VRO},

Hyhu| lqyduldqw vroxwlrq 5 ' xE%c +� ri +Khdw, fruuhvsrqglqj wr fe vdwlv�hv
feE5 � xE%c +�� ' f zkhq 5 � xE%c +�c

l1h1
e%+YxY% n e+2YxY+ ' �E%2 n 2+�x� +LF,
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Zh vroyh +LF, e| vroylqj wkh fruuhvsrqglqj fkdudfwhulvwlf htxdwlrq
_%
e%+ ' _+

e+2 ' _5�E%2 n 2+�5
zklfk kdv wkh wzr lqyduldqwv

%
+ / dqg 5s+e%2*e+�

Wkh vroxwlrq ri +Khdw, lv qrz gh�qhg e| wkh lqyduldqw irup
5s+e%2*e+ ' �E%+ �c

ru/ lq h{solflw irup/

5 ' xE%c +� ' �s+e
3%2*e+�El�/ +HV,

zkhuh l ' %
+ lv wkh vlplodulw| yduldeoh� Vxevwlwxwlrq ri +HV, lqwr +Khdw, ohdgv

wr ���El� ' f1 Khqfh/ lqyduldqw vroxwlrqv ri +Khdw, uhvxowlqj iurp fe duh ri
wkh irup

5 ' xE%c +� ' �s+e
3%2*e+i�� n �2

%
+ j�

Iru dq| vroxwlrq 5 ' xE%c +� ri +Khdw,/ wkdw lv qrw lqyduldqw xqghu fe/ zh
�qg d rqh0sdudphwhu idplo| ri vroxwlrqv 5 ' �E%c +c "� jhqhudwhg e| fe= Ohw

%W ' 7%E%c +c 5c "� ' %
�� e"+ c

+W ' 7+E%c +c 5c "� ' +
�� e"+ c

5W ' xE7%c 7+��
E| 75E�c �c �c�"� zh ghqrwh wkh wklug frpsrqhqw ri wkh lqyhuvh wudqvirupdwlrq
fruuhvsrqglqj wr fe1 Wkhq 5 ' �E%c +c "� ' 75E%Wc +Wc 5Wc�"� '

xE %
�� e"+ c

+
�� e"+ �

�s�� e"+ i TE
"%2

�� e"+ ��
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915 Kljkhu Lqyduldqwv= Lqyduldqw Gl�huhqwld0
wlrq

Lq wklv vhfwlrq/ zh xvh wkh frqyhqwlrq wkdw zh vxp ryhu pxowlso| rffxuulqj
lqglfhv lq dq h{suhvvlrq1 Iru ruglqdu| gl�huhqwldo htxdwlrqv/ Olh vkrzhg
wkdw doo lqyduldqwv ri rughu 2c �c � � � fdq eh irxqg phuho| e| gl�huhqwldwlrq/
surylghg wkdw wkh lqyduldqwv �c � ri rughu f dqg �/ uhvshfwlyho|/ duh nqrzq1
Wkhruhp +Lqyduldqw Gl�huhqwldwlrq,= Ohw C eh d rqh0sdudphwhu srlqw wudqv0
irupdwlrq jurxs lq wkh sodqh zlwk wkh jhqhudwruf1 Ohw �E%c +� dqg �E%c +c +��
eh dq lqyduldqw dqg d �uvw rughu gl�huhqwldo lqyduldqw ri C1 Wkhq

� ' _�
_� ' �% n +��+ n +���+�

�% n +��+
' (%E��

(%E�� +914,

lv d vhfrqg0rughu gl�huhqwldo lqyduldqw ri wkh jurxs C1
Vlqfh fE2�8 E%c +c +�c +��� ' f kdv suhflvho| wkuhh lqghshqghqw vroxwlrqv/ doo

gl�huhqwldo lqyduldqwv 8 / Jo_E8 � � 2/ duh jlyhq e| 8 ' xE�c �c ��� Zh qrz
uhzulwh +914, lq wkh irup � ' GE�� zlwk wkh rshudwru G gh�qhg e|

G ' b(%c zkhuh b ' �
(%E�� � +915,

Gh�qlwlrq= Wkh rshudwru G lq +915,/ zkhuh �E%c +� lv dq| lqyduldqw ri C/ lv
fdoohg dq lqyduldqw gl�huhqwldwlrq iru wkh jurxs C1

Wkh vljql�fdqfh ri wklv gh�qlwlrq lv glvforvhg e| wkh iroorzlqj vwdwhphqw1
Wkhruhp +Lqyduldqw Edvlv,= Wkh lqyduldqw gl�huhqwldwlrq G frqyhuwv dq|
gl�huhqwldo lqyduldqw 8 ri wkh jurxs C lqwr d gl�huhqwldo lqyduldqw GE8 � ri
C� Ixuwkhupruh/ dq| gl�huhqwldo lqyduldqw 8 / Jo_E8 � ' rn�/ fdq eh h{suhvvhg
dv d ixqfwlrq ri �E%c +�/ �E%c +c +�� dqg vxffhvvlyh lqyduldqw ghulydwlyhv ri wkh
�uvw0rughu gl�huhqwldo lqyduldqw �=

8 ' xE�c �cGE��cG2E��c � � � cGrE����
Vlplodu uhvxowv krog dovr lq wkh fdvh ri pdq| yduldeohv dqg pxowl0sdudphwhu

jurxsv ^46`1 Wr irupxodwh wklv jhqhudol}dwlrq/ zh �uvw qrwh wkdw wkh frh!flhqw
b ' �*(%E�� ri wkh lqyduldqw gl�huhqwldwlrq +915, vdwlv�hv wkh htxdwlrq

fE��Eb� ' b(%E1�� +916,
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Lqghhg/ rqh fdq yhuli| e| vwudljkwiruzdug frpsxwdwlrq wkdw wkh iroorzlqj
rshudwru lghqwlw| krogv iru wkh lq�qlwh0wlphv h{whqghg jhqhudwru f=

f(� �(�f ' �(�E1��(� / +917,
zkhuh (� lv wkh rshudwru ri wrwdo gl�huhqwldwlrq z1u1w1 %�

(� ' Y%� n �k� Y�k n �k�c��Y�k��
n �k�c��c�2Y�k��c�2

n � � � c � ' �c � � � c ?1
Zh qrz frqvlghu wkh rqh0glphqvlrqdo fdvh dqg dsso| +917,/ zulwwhq lq wkh
irupf(% ' (%f�(%E1�(%/ wr bE%c +c +�� ' �*(%E��1 Lqyrnlqj wkdw �E%c +�
lv dq lqyduldqw/ l1h1 fE�� ' f/ zh duulyh dw +916, dv iroorzv=

fE��Eb� ' �fE(%E���
E(%E���2 ' �(%fE���(%E1�(%E��

E(%E���2 ' (%E1�
(%E�� ' b(%E1��

Wkh jhqhudol}dwlrq wr wkh kljkhu0glphqvlrqdo fdvh lv jlyhq e| wkh iroorzlqj
lqyduldqw ghulydwlrqv1 Ohw Co eh dq| o0sdudphwhu jurxs ri srlqw wudqvirupd0
wlrqv zlwk lq�qlwhvlpdo jhqhudwruv

fv ' 1�vE%c �� Y
Y%� n #kvE%c �� Y

Y�k c v ' �c � � � c o/
zkhuh % ' %�c � � � c %?/ � ' ��c � � � c �61 Wkhq wkhuh h{lvw ? lqghshqghqw
lqyduldqw ghulydwlrqv

G ' b�(�c
zkhuh b�E%c �c �E��c �E2�c � � � � duh gl�huhqwldo ixqfwlrqv ghwhuplqhg iurp htxd0
wlrqv vlplodu wr +916,=

fvEb�� ' b�(�E1�D�c � ' �c � � � c ?( v ' �c � � � c o�

916 Frqfoxvlrq
Zh uhshdw wkh jrdo ri dq| jurxs fodvvl�fdwlrq sureohp= lw dlpv wr rewdlq d
frpsohwh vxuyh| ri doo srvvleoh v|pphwu| jurxsv iru d fodvv ri jlyhq GHv/ lq
rxu fdvh vhfrqg rughu SGHv lq rqh ghshqghqw dqg wzr lqghshqghqw yduldeohv1
Wkh vwduwlqj srlqw ri wklv dssurdfk zdv wkh olvwlqj ri vsdfh jurxsv jlyhq lq
Fkdswhu 6 +�Wkh Vsdfh Srlqw Jurxsv�,/ zkrvh gl�huhqwldo lqyduldqwv ghwhu0
plqh wkh jhqhudo irup ri d SGH wkdw pd| eh lqyduldqw xqghu wkh uhvshfwlyh
jurxs1 Wkh zkroh vwudwhj| wr wdfnoh wkh fodvvl�fdwlrq sureohp/ dv jlyhq lq
Fkdswhu 4 +�Lqwurgxfwlrq�,/ zdv dv iroorzv=
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4, Olvw doo �qlwh frqwlqxrxv wudqvirupdwlrq jurxsv ri wkh wkuhh glphqvlrqdo
vsdfh lq frruglqdwhv %c +/ dqg 51

5, Ilqg doo gl�huhqwldo lqyduldqwv ri wkh jurxsv jlyhq lq 4, zkhuh 5 ghshqgv
rq % dqg +1

6, Ghwhuplqh wkh jurxs w|shv/ l1h1 e| xvlqj hdfk lqyduldqw iurp 5,/ �qg
fulwhulrqv wkdw doorz wr lghqwli| wkh v|pphwu| jurxs iru d jlyhq GH
iurp rxu fodvv1

Lq Fkdswhu 6 +�Wkh Vsdfh Srlqw Jurxsv�,/ zh vroyhg srlqw 4, ri wkh deryh
vwudwhj| e| surylglqj d olvwlqj ri doo srlqw wudqvirupdwlrq jurxsv ri wkh wkuhh
glphqvlrqdo vsdfh zklfk lv edvhg rq zrun e| V1 Olh ^:/ ;` dqg X1 Dpdogl
^4`1 Wklv olvwlqj lv fodlphg wr eh frpsohwh/ exw qrw qhfhvvdulo| glvmrlqw1 Lq
Fkdswhu 7 +�Gl�huhqwldo Lqyduldqwv ri Rughu Wzr�, dqg Fkdswhu 8 +�Orzhu
Lqyduldqwv�,/ zh vroyhg d odujh sduw ri srlqw 5, ri wkh deryh vwudwhj| e|
suhvhqwlqj d olvw ri frpsxwhg gl�huhqwldo dqg orzhu lqyduldqwv ri rughu wzr
ri pdq| vsdfh jurxsv olvwhg lq Fkdswhu 61 Wkh h{fhswlrqv duh wkh jurxsv
jlyhq lq Vxevhfwlrq 7161; +�Jurxsv zkrvh Lqyduldqwv zhuh qrw irxqg�, dqg
wkh Dpdogl jurxsv ri w|sh E1 Wkrvh duh/ gxh wr wkh kxjh qxpehu ri vsdfh
jurxsv/ qrw kdqgohg zlwklq wkh iudph ri wklv wkhvlv1 Frqvhtxhqwo| wkh vdph
krogv iru srlqw 6, ri wkh deryh vwudwhj|1

Dv d uhvxow/ ixuwkhu zrun rq wkh vroxwlrq ri wklv sureohp vkrxog irfxv rq
4W, wkh fdofxodwlrq ri doo gl�huhqwldo lqyduldqwv ri rughu wzr ri Dpdoglv

jurxsv ri w|sh E/
5W, srlqw 6, ri wkh pdlq vwudwhj|1
Wklv odvw vwhs zrxog eh dffrpsolvkhg e| �uvw frpsxwlqj wkh Mdqhw edvh

ri wkh ghwhuplqlqj v|vwhp ri doo gl�huhqwldo lqyduldqwv/ wkhq e| dsso|lqj d
jhqhudo srlqw wudqvirupdwlrq wr lw1 Vlqfh wkdw lq jhqhudo ghvwur|v wkh Mdqhw
edvh surshuw|/ rqh kdv wr uhhvwdeolvk lw e| dsso|lqj wkh dojrulwkp Mdqhw edvh
djdlq1 Wkhuhe|/ d fodvvl�fdwlrq ri Mdqhw edvhv iru ghwhuplqlqj v|vwhpv ri
GHv iurp wkh lqglfdwhg fodvv zrxog eh dfklhyhg1 Zh dovr uhpdun wkdw wkh
lghqwl�fdwlrq ri pxowlsoh rffxuuhqfhv ri jurxs w|shv lq rxu vsdfh jurxs olvw
lv wkh qdwxudo e|0surgxfw ri wklv odvw vwhs1

Wzr rwkhu sureohpv iru zklfk wklv zrun pd| eh wkh vwduwlqj srlqw vkrxog
eh phqwlrqhg= wkh lpsolflw ghvfulswlrq ri wkh gl�huhqwldo lqyduldqwv lq rqh
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ghshqghqw dqg wzr lqghshqghqw yduldeohv ri rughu kljkhu wkdq wzr pd| eh
dffrpsolvkhg e| surylglqj wkh lqyduldqw gl�huhqwldwlrqv lqglfdwhg lq Vhfwlrq
914 +�Kljkhu Lqyduldqwv= Lqyduldqw Gl�huhqwldwlrq�,1 Ilqdoo|/ wkh fodvvl�fd0
wlrq sureohp iru v|vwhpv ri RGHv lq wzr ghshqghqw dqg rqh lqghshqghqw
yduldeoh +E%�/ 5E%� pljkw eh dffrpsolvkhg e| vwduwlqj zlwk wkh jurxsv ri wkh
vsdfh olvwhg lq wklv zrun/ xvlqj wkh surorqjdwlrq irupxodv iru wzr ghshqghqw
dqg rqh lqghshqghqw yduldeoh/ lqvwhdg1
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Eleolrjudsk|
^4` Dpdogl X1= �Frqwulexwr dood ghwhuplqd}lrqh ghl juxssl frqwlqxl �qlwl

ghoor vsd}lr ruglqdulr� lq Jlruqdoh gl pdwhpdwlfkh gl Edwwdjolql shu lo
surjuhvvr ghjoh vwxgl qhooh xqlyhuvlwd lwdoldqh/ sduw L/ yro1 6</ sdjh 5:60
649 +4<34,> sduw LL/ yro1 73/ sdjh 4380474 +4<35,

^5` Eoxpdq J1 Z1/ Nxphl V1= V|pphwulhv dqg Gl�huhqwldo Htxdwlrqv/ Ds0
solhg Pdwkhpdwlfdo Vflhqfhv H�/ Vsulqjhu0Yhuodj/ Qhz \run +�bbS/ 2qg
hg1,

^6` Leudjlpry Q1 Nk1= Hohphqwdu| Olh Jurxs Dqdo|vlv dqg Ruglqdu| Gli0
ihuhqwldo Htxdwlrqv/ Mrkq Zloh| ) Vrqv +4<<<,

^7` Mdfrevrq Q1= Olh Dojheudv/ Lqwhuvflhqfh Sxeolfdwlrqv +4<95,
^8` Ndpnh H1= Gl�huhqwldojohlfkxqjhq= Oùvxqjvphwkrghq xqg Oùvxqjhq/

LL1 Sduwlhooh Gl�huhqwldojohlfkxqjhq/ Dndghplvfkh Yhuodjvjhvhoovfkdiw/
Ohls}lj +4<98,

^9` Olh V1= �Nodvvl�ndwlrq xqg Lqwhjudwlrq yrq jhzùkqolfkhq Gl�huhqwldojohl0
fkxqjhq }zlvfkhq %c +/ glh hlqh Juxssh yrq Wudqvirupdwlrqhq jhvwdwwhq�
lq Pdwkhpdwlvfkh Dqqdohq/ yro1 65/ errn 5/ sdjh 5460586 +4;;;,

^:` Olh V1= Wudqvirupdwlrqvjuxsshq L/ Fkhovhd Sxeolvklqj Frpsdq|/ Qhz
\run +4<:3/ uhsulqw,

^;` Olh V1= Wudqvirupdwlrqvjuxsshq LLL/ Fkhovhd Sxeolvklqj Frpsdq|/ Qhz
\run +4<:3/ uhsulqw,

^<` Royhu S1 M1= Dssolfdwlrqv ri Olh Jurxsv wr Gl�huhqwldo Htxdwlrqv/ Judg0
xdwh Wh{wv lq Pdwkhpdwlfv/ Vsulqjhu0Yhuodj/ Qhz \run +4<<6/ 2qg hg1,

^43` Vfkzdu} I1= Dojrulwkplf Olh Wkhru|/ wr dsshdu
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^44` Vwhhe Z10K1= Frqwlqxrxv V|pphwulhv/ Olh Dojheudv/ Gl�huhqwldo Htxd0
wlrqv dqg Frpsxwhu Dojheud/ Zruog Vflhqwl�f Sxeolvklqj/ Vlqjdsruh
+4<<9,

^45` Vwhskdql K1= Gl�huhqwldojohlfkxqjhq1 V|pphwulhq xqg Oùvxqjvphwkr0
ghq/ Vshnwuxp Dndghplvfkhu Yhuodj +4<<7,

^46` Wuhvvh D1= �Vxu ohv lqyduldqwv gl�ìuhqwlhov ghv jurxshv frqwlqxv gh wudqv0
irupdwlrqv� lq Dfwd Pdwk1/ yro1 4;/ sdjh 40;; +4;<7,
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Fxuulfxoxp Ylwdh Huln Kloojduwhu
Ghf 48wk/ 5335

Shuvrqdo
Idplo| qdph= Kloojduwhu1
Iluvw qdph= Huln1
Gdwh ri eluwk= Mxo| 56g/ 4<:51
Krph dgguhvv= Euhjhq}huvwu1 45/ D09<54 Nhqqhoedfk1
Flwl}hqvkls= Dxvwuldq1
Pdulwdo vwdwxv = vlqjoh1
Odqjxdjhv= Jhupdq/ Hqjolvk/ Iuhqfk1
Hgxfdwlrq
4<;604<<3 = Kljk vfkrro +EJ0Euhjhq} Eoxphqvwudvvh,/ �qdo h{dplqdwlrq zlwk

�jrrg vxffhvv�1
4<<404<<9 = Vwxg| ri �Whfkqlfdo Pdwkhpdwlfv� dw wkh Mrkdqqhv Nhsohu Xql0

yhuvlw| Olq}/ zlwk �h{fhoohqw vxffhvv�1 Wkuhh wlphv uhfhlylqj wkh �vfkrodu0
vkls iru h{wudruglqdu| shuirupdqfh�1 �Ehvw glsorpd wkhvlv ri wkh |hdu�0
sulfh vsrqvruhg e| Dxvwuldq edqn �Huvwh�1

Dfdghplf Ghjuhh= Glsorp Lqjhqlhxu +4424<<9,1
Fxuuhqw srvlwlrq= SkG0Vwxghqw dw wkh Uhvhdufk Lqvwlwxwh iru V|perolf Frp0

sxwdwlrq +ULVF, ri wkh Mrkdqqhv Nhsohu Xqlyhuvlw| Olq} +vlqfh 4<<:,1
Flylo vhuydqw 4325333 0 43253341
Ohfwxuhuhu dw wkh sro|whfkqlf xqlyhuvlw| Kdjhqehuj1

Lqvwlwxwh Dguhvv= ULVF/ Mrkdqqhv Nhsohu Xqlyhuvlw|/ D07373 Olq}1
H0pdlo= kloojduwhuCulvf1xql0olq}1df1dw1
Surihvvlrqdo H{shulhqfh
Vhyhudo wlphv wxwru iru wkh ohfwxuhv

0 �Pdwkhpdwlfv iru Vrfldo Vflhqwlvwv�/
0 �Pdwkhpdwlfv iru Frpsxwhu Vflhqfh�1

Ohfwxuhu iru pdwkhpdwlfv dw wkh sro|whfkqlf xqlyhuvlw| Kdjhqehuj1
Uhylhzhu iru �Frpsxwlqj Uhylhzv�1
Rwkhu dfwlylwlhv= Vwxghqwv uhsuhvhqwdwlyh lq wkh lqvwlwxwh ri pdwkhpdwlfv

dqg lq wkh WQ0idfxow| ri wkh Mrkdqqhv Nhsohu Xqlyhuvlw| Olq}1
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Sxeolfdwlrqv

41 Kloojduwhu/ Huln= Udwlrqdo Srlqwv Rq Frqlfv/ glsorpd wkhvlv +4324<<9,/
ULVF0Olq} Uhsruw <9067

51 Kloojduwhu/ Huln> Zlqnohu/ Iudq}= Srlqwv Rq Dojheudlf Fxuyhv Dqg Wkh
Sdudphwul}dwlrq Sureohp/ lq Zdqj/ Grqjplqj +Hglwru,= Dxwrpdwhg
Ghgxfwlrq Lq Jhrphwu|/ Ohfwxuh Qrwhv lq Duwl�fldo Lqwhooljhqfh 4693/
s1 4<; 0 53:/ Vsulqjhu Yhuodj Ehuolq0Khlghoehuj0Qhz \run +4<<;,

61 Kloojduwhu/ Huln= Wkh Fodvvl�fdwlrq Sureohp Iru +Srlqw, V|pphwulhv Ri
5qg Rughu SGH*v Lq Rqh Ghshqghqw Dqg Wzr Lqghshqghqw Yduldeohv/
ULVF0Olq} Uhsruw <<044

71 Kloojduwhu/ Huln= Wkh Fodvvl�fdwlrq Sureohp Iru +Srlqw, V|pphwulhv Ri
5qg Rughu SGH*v Lq Rqh Ghshqghqw Dqg Wzr Lqghshqghqw Yduldeohv/
VIE0Uhsruw <<037

81 Kloojduwhu/ Huln> Odqgvpdqq/ Jÿqwkhu> Vfklfkr/ Mrvhi> Zlqnohu/ Iudq}=
Jhqhudol}hg R�vhwv Dv Hqyhorshv Ri D Rqh0Sdudphwhu Vhw Ri Vskhuhv/
ULVF0Olq} Uhsruw <<05:

91 Odqgvpdqq/ Jÿqwkhu> Vfklfkr/ Mrvhi> Zlqnohu/ Iudq}> Kloojduwhu/ Huln=
V|perolf Sdudphwul}dwlrq Ri Slsh Dqg Fdqdo Vxuidfhv/ Surf1 Lqwhuqd0
wlrqdo V|ps1 rq V|perolf dqg Dojheudlf Frpsxwdwlrq +LVVDF*33,/ Vw1
Dqguhzv/ Vfkrwwodqg/ F1 Wudyhuvr +hg1,/ s1 535053;/ DFP0Suhvv +5333,
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